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Common Hypercyclic Vectors for the Conjugate Class of a Hypercyclic

Operator
Authors: Kit C. Chan and Rebecca Sanders

Abstract

Given a separable, infinite dimensional Hilbert space, it was recently shown by the
authors that there is a path of chaotic operators, which is dense in the operator algebra with the
strong operator topology, and along which every operator has the exact same dense Gs set of
hypercyclic vectors. In the present work, we show that the conjugate set of any hypercyclic
operator on a separable, infinite dimensional Banach space always contains a path of operators
which is dense with the strong operator topology, and yet the set of common hypercyclic vectors
for the entire path is a dense Gs set. As a corollary, the hypercyclic operators on such a Banach
space form a connected subset of the operator algebra with the strong operator topology.

1. Introduction

Throughout the present paper, let X be a separable, infinite dimensional Banach space
over the scalar field C or R, and let B(X) denote the algebra of bounded linear operators
T:X — X. An operator T in B(X) is hypercyclic if there is a vector x in X for which its orbit,
Orb(T,x) = {Tnx:n > 0}, is dense in X. Such a vector x is called a hypercyclic vectorfor T. An
operator T in B(X) is hypercyclic if and only if the set of hypercyclic vectors for T, denoted by
HC(T),is adense Gs set; see Kitai [23]. For a countable family F of hypercyclic operators, a
direct application of the Baire Category Theorem implies that the set NycsHC(T) of common
hypercyclic vectors is also a dense Gs set. However, for the situation when F is an
uncountable family of hypercyclic operators, we cannot apply this Baire Category Theorem
argument to show the set NycxHC(T) of common hypercyclic vectors is a dense Gs set, oris
even nonempty. This observation has prompted research on the existence of common
hypercyclic vectors for uncountable families of hypercyclic operators. Bayart and Matheron [5],
Chan and Sanders [13], and Costakis and Sambarino [19] have separately developed different
sufficient conditions for an uncountable family of operators to have a dense Gs set of common
hypercyclic vectors. Other results on common hypercyclic vectors include the work of Abakumov
and Gordon [1], Aron, Bés, Leon, and Peris [3], Bayart [4], Bayart and Grivaux [7], Conejero,
Muller, and Peris [18], and Ledn and Mdller [24].

In much of the above work on common hypercyclic vectors, the uncountable family of
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operators maintains some sort of continuity within the family. This brings us to the definition of a
path of operators. A family of operators {F; € B(X):t € I}, where [ is an interval of real numbers,
is a path of operators if the map F:1 — (B(X), Il - Il), defined by F(t) = F, ,is continuous with
respect to the usual topology on the interval I and the operator norm topology on B(X). If the
interval I = [a, b], then the path {F; € B(X):t € I} is a path of operators between F, and F,,.
For any path, a vector x in X is called a common hypercyclic vector for the path if x €
NrerHC(F).

In the present paper, we examine common hypercyclic vectors for a family of operators
which consists of the conjugates of a single hypercyclic operator. For notation, let S(T) =
{L™1TL: L invertible} be the conjugate set of the operator T. The conjugate set S(T) is also
often referred to as the similarity orbit of T. A standard similarity argument shows that an
operator T in B(X) is hypercyclic if and only if each operator in the conjugate set S(T) is
hypercyclic. From this observation, one can ask whether the set N eg¢ryHC(A) of common
hypercyclic vectors for the entire conjugate set S(T) of a hypercyclic operator T is a dense Gg
set. In Proposition 2.1 below, we show this set of common hypercyclic vectors has
only two possibilities. If every nonzero vector in X is a hypercyclic vector for T, then the set
NaescryHC(A) of common hypercyclic vectors for the conjugate set S(7) contains every nonzero
vector also. Otherwise, the set N ecsmH C(A) of common hypercyclic vectors for the conjugate
set S(T) is empty.

Not only does the conjugate set S(T) of a hypercyclic operator T consist entirely of
hypercyclic operators, those hyper-cyclic operators are dense in B(X) with respect to the strong
operator topology, or SOT for short. This result was proved by Bés and Chan [9] by applying a
fundamental property of the strong operator topology established by Hadwin, Nordgren, Radjavi,
and Rosenthal [22]. As we have mentioned above, if HC(T) # X \ {0}, then the set
NaescryHC(A) of common hypercyclic vectors for the conjugate set must be empty. Regardless
of this, we show the conjugate set S(T) must contain a path {F; € B(X):t € [1,2)} of operators
which is SOT-dense in B(X), and yet the set N;c[1,:)H C(F;) of common hypercyclic vectors for
the whole path is a dense Gs set; see Theorem 2.4 below. As a corollary, we show the
hypercyclic operators in B(X) form an SOT-connected subset of B(X); see Corollary 3.3 below.
Also using Theorem 2.4, we show that for any nonzero vector g in X, the set {T € B(X):g €
HC(T)} is SOT-dense, as well as SOT-connected in B(X); see Corollary 3.2 below.

A hypercyclic operator clearly has orbits which exhibit wild behavior. It may also possess
orbits with simple behavior. A vector x in X is a periodic point of the operator T if T"x = x for
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some positive integer n. An operator T in B(X) is called chaotic if it is hypercyclic and the set
of periodic points for T is dense in X. Recently, Chan and Sanders [15] showed that every
separable, infinite dimensional Hilbert space H over the scalar field C admits a path of chaotic
operators which is SOT-dense in B(H), and yet each operator along the path shares the exact
same set of hypercyclic vectors. However, Bonet, Martinez-Giménez, and Peris [11] provided
examples of separable, infinite dimensional Banach spaces which fail to support even a single
chaotic operator. Hence, the techniques in [15] do not work for an arbitrary separable, infinite
dimensional Banach space. For this general setting, even though we are not able to show that
there is an SOT-dense path of hypercyclic operators, each of which has the exact same set of
hypercyclic vectors, Theorem 2.4 below exhibits such a path with a dense Gs set of common
hypercyclic vectors. In the case where the Banach space does support a chaotic operator, using
Theorem 2.4, we show there does exist a path of chaotic operators which is SOT-dense in B(X),
and for which the set of common hypercyclic vectors for the whole path is a dense Gs set.
Furthermore, the chaotic operators in B(X) form a connected subset of B(X); see Corollary 3.4
below.

2. Conjugate Class of a Hypercyclic Operator

As stated in the introduction, an operator T in B(X) is hypercyclic if and only if every
operator in the conjugate set S(T) = {L™1TL: L invertible} is hypercyclic. In fact, one can easily
verify that

x € HC(L™'TL) ifandonlyif Lx €HC(T). (2.1)

Using this observation, we show that the set of common hypercyclic vectors for the conjugate set
S(T) of an operator T has only two possibilities, either the set of all nonzero vectors or the

empty set.

Proposition 2.1. Let T be an operator in B(X).

(i) If #ce(T) = X \ {0}, then the set Nyesry HC(A) of common hypercyclic vectors for the
conjugate set S(T) is also X\ {0}.

(i) If 3C(T) # X\ {0}, then the set Nyesry HC(A) of common hypercyclic vectors for the
conjugate set S(T) is empty.

Proof. Part (i) follows directly from the statement given in (2.1). For part (ii), let y be any

nonzero vector in X which fails to be a hypercyclic vector for the operator T. For any nonzero
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vector x in X, there exists an invertible operator L such that Lx = y. For instance, if x and y
are linearly independent, we may take Lx =y and Ly = x and L =1 on a closed subspace
complementary to the finite dimensional subspace spanned by x and y. If y = ax for some
nonzero scalar a, thenlet L = al on X. Since Lx =y & HC(T), by (2.1), we have x ¢
HC(L'TL). Therefore, NyescrHC(A) = @.

Read [26] provided an example of an operator T on ¢! for which every nonzero vector
is a hypercyclic vector. Thus, it is possible for the set of common hypercyclic vectors for a
conjugate set to be nonempty. On the other hand, every separable, infinite dimensional Banach
space X admits a hypercyclic operator T for which HC(T) = X \{0}; see the hypercyclic
operator constructed by Ansari in [2] or by Bernal in [8]. Since the conjugate set S(T) of this
particular hypercyclic operator fails to have a single hypercyclic vector in common, it follows
trivially that the set of all hypercyclic operators in B(X) fails to have a single hypercyclic vector
in common.

The conjugate set S(T) of a hypercyclic operator T is SOT-dense in the operator
algebra B(X). However, in many cases, this SOT-dense set fails to have a single common
hypercyclic vector. On the positive side, it does contain a path of operators which is SOT-dense
in B(X), and for which the set of common hypercyclic vectors for the whole path is a dense Gg
set. For this, we need two technical results.

Lemma 2.2. Let x4,x,, ..., X, be k linearly independent vectors in X, and let

d= min dist(x;, span{x;: i # j}).
1<j<k

There exists a 6 > 0 such that whenever yy,y,, ...,y are k vectorsin X satisfying |l x; — y; |

< ¢ foreach integer j with1 < k, we have

d
in dist(y;, i) > =
Inin dis (vj.span{y;: i # j}) >

Proof. Since all norms are equivalent on the finite dimensional space span {x;,x,,..., xx}, there

is a constant C > 0 such that

k

> el <C

i=1

k
Do
i=1

for any scalars a4, a,,...,a,. Choose a § > 0 such that
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(1-C8) > (2.2)

N =

Let y1,¥,,..., ¥, beany k vectorsin X satisfying ||x; — y;|| <& for 1 < k. For any integer j

with 1 < kand for any scalars a4, ay,...,@j_1,@j41,..., a5, We have

J’j—ZaiyiH: (Xj—zaiXi>+(yj—Xj)+ZO[i(Xi—yi)H
i#] i#] i£]
> x5 = aixi| = llxj—yill = > lelllxi — il
i#] i#j
> xj—Zaixi —8(1+Z|O¢i|>
i#] i£]j
P X]'—ZOéiXi —46C Xj_Zaixi , by(2.2)
i#] i#]
> (1-Cé)d
d
25, by (2.3).

Thus, our result follows. o

The second result involves the union of a finite linearly independent set with the tail end
of an orbit generated by a hypercyclic vector.

Proposition 2.3. Let T € B(X) be a hypercyclic operator. If g€ HC(T) and xy,x;,...,x; are k
linearly independent vectors in X, then there is an integer N >0 such that the set
{x1,%3, ..., x} U {T"g:n> N} is linearly independent.

Proof. By way of contradiction, we suppose that no such integer N exists; that is, the set

{x1, %2, ..., %} U {T"g:n>= N} is linearly dependent for each integer N > 0. If we take N = 1, then
by the linear independence of the vectors x;, x5, ..., x;, and the linear independence of the orbit
of a hypercyclic vector (see, for example Bourdon [12]), we obtain a nonzero polynomial p; for
which p,(T)g € span{xy, x,, ..., X }. For similar reasons, by taking N = 1 + deg p,, we obtain a
nonzero polynomial p, with deg p, > deg p;, and p,(T)g € span{xq, x,,..., x; }. After k+1
steps, we obtain nonzero polynomial p,,; with degpr,1 > degp, and

Pr+1(T)g € span{xq, x,,...,x; }. Since the k + 1 vectors p;(T)g p2(T)g, ..., pr+1(T)g lie in the
subspace span{xj, x,,...,Xx}, Which is k-dimensional, it follows that they must be linearly
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dependent. However, this contradicts the fact that g is a hypercyclic vector. o

We are now ready to prove that every conjugate set of a hypercyclic operator contains a
path of operators which is SOT-dense in B(X).

Theorem 2.4. Let T be a hypercyclic operator in B(X). The conjugate set
S(T) = {L™'TL: L invertible} contains a path {F; € B(X):t € [1,)} of operators which is
SOT-dense in B(X), and for which the set Nc[1,:)HC(F;) of common hypercyclic vectors for

the whole path is a dense Gs set.

Proof. We begin with an outline of the construction of the desired path of hypercyclic operators.
The path must contain a hypercyclic operator in every nonempty SOT-basic open set 0 in B(X),
which is of the form

0 ={A€BX):||Ay, — By < efor1<i<k},

where B € B(X), € > 0, and x; € X. The vectors x; and Bx; provide a starting point of our
construction of an invertible operator L so that L™1TL isin O and it can be joined to the given
hypercyclic operator T with a path having a dense Gs set of common hypercyclic vectors. For
that, we may assume that the vectors x; are linearly independent and use Proposition 2.3 to
choose appropriate powers of T on a hypercyclic vector g € HC(T) that can approximate x;
and Bx; .Then we use Lemma 2.2 to control the norms of L and L™! so that the terms
L™TL(x;) — Bx; qualify L™1TL to be in the set 0. Furthermore, to create the desired path we
first note that we can trivially write T as I~1TI, where I is the identity, and so we have to join I
with L with an appropriate path of invertible operators. The operator L takes the form of the
sum of the identity and a finite rank operator K whose range is the linear span of carefully
chosen powers T™g. The path will then be in the form of I + tK, where t in [0,1] is the
parameter for the path. However, in order to carefully select vectors T™g to make our argument
work, we need to have good estimations on their distances from each other and separate them in
terms of linear functionals.

To this end, let g € HC(T). Let € be the collection of all sets E of the form

E = {T™g TM2g, .. TM2kg, TNg TN*1g, . TNt2k-1g} (2.4)

where N,k areintegers with N >0 and k > 1 and my,m,,...,my, are distinct integers with

each m; > N + 2k. Note that the collection £ is countable. For the set E given in (2.4) and for
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each integer j with 1 <j <2k, define
dj g = dist(T™g span(E \ {T™ig})) and D;p = dist (TN”_lg, span(E \ {Tmfg})).
Then define Ag by

AE= mln{dLE, dZ,E’ ey de,El DZ,E’ ey DZk,E}'

Since the orbit of the hypercyclic vector g must be linearly independent, each set E € € is

linearly independent, and so Ag> 0.

Claim 1. For the set E € € given in (2.4), there are 2k linear functionals A g, Ay g, ..., Az g IN
the dual space X* such that for any integers i,j with 1<i,j <2k, we have |4;¢|| and
. [— 1; lfl :jl
Y (T™) = Aip (TN g) = {0, if i # .
Proof of Claim 1. As a corollary of the Hahn—Banach Theorem, there exist linear functionals
@1 - P2k @Nd Yy, ..., Yo g in the dual space X**such that for integers i,j with

1<1i,j <2k, we have ¢;s(T™g) =1 and ¢jg(x) =0 forall x € span(E \ {T™g}), and

Y e(TN*/7'g) and y;(x) =0 forall x € span(E \ {T™g}). Furthermore, ||¢;:| = di_ <+

jE  AE

and ||| = ﬁ < i. Letting 4,z = @ ¢ + ¥; ¢ for eachinteger j with 1<j <2k completes

the proof of Claim 1. o

We now use Claim 1 to form a countable collection of invertible operators in B(X).For

theset E € € given in (2.4), define the operator Lg: X = X by

2k

Lp(x) = x + z L5 (0)(TV - 1g — Tmig), (2.5)
=1

To see that the operator L is invertible, define the operator A; : X - X by

2k

Ap(x) =x + z Aip(x) (TMig — TN+i-1g),
i=1

For any x € X, observe that

2k
LEAE(X) = LE(‘x) + Z AL,E(X)LE (Tmlg — TN+L'—1g).

i=1
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By Claim 1, for any integers i,j with 1<i,j <2k, we have 4;z(T™ig—T"*"1g) =0, and so by
(2.5),
LE (Tmlg _ TN+i—1g) — Tmlg _ TN+i_1g.

Thus,

2k
LgAp(x) = Lg(x) + Z Ay p(OLg (TMig — TN+i-1g)

i=1
2k 2k
=x+ Z Aip(x) (TNt =1g — T™ig) + 2 Aip(x) (T™Mig — TN*I-1g)
j=1 j=1

= X.

Likewise, LyAg(x) = x for any x € X. Therefore, the operator Lj is invertible and Lz' = Ag.
Moreover, by definitions of Lg, Lz and by Claim 1, both operators Lg, Lz! satisfy the
inequality

2k

2k

. 2 .

Ry e e R R o) L A S
j:]_ ]=1

Using the countable collection {L;:E € £} of invertible operators, we generate a countable
SOT-dense subset of S(T).

Claim 2. The countable collection {Lz'TLg: E € £} is SOT-dense in B(X).

Proof of Claim 2. Let U be a nonempty SOT-open set in B(X). Then there exists an operator
B € B(X), an € > 0, and nonzero vectors xq,x,,...,x, in X such that

{A€B):||Ay, — By|| < efor1<i<k}cU.

Without loss of generality, we may assume the set {x;,x,,...,x;} is linearly independent. By
Proposition 2.3, there is an integer N > 0 such that the set {xy,x;,...,x,} U {T"g:n> N} is
linearly independent. Since g € HC(T), we can choose k distinct integers my, my,...,my;

satisfying
€
my; 2N + 2k and ||Tm21g—Bxl|| <§ for1<l<k. (2.7)

Consider the linearly independent set
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E = {x;,T™2g,x,, T™g, ..., x;, TM2kg, TNg TN*1g, ... TN*2k-1g},
and define

dy_, = dist (xl,span(ﬁ \ {xl})) for1<I<k,

dyy = dist (T™2tg,span(E \ {T™g})) for 1< <k,

D; = dist (TN+j—1g, span(E \ {TN+1_1g})) for 1< <2k,

A =min{d;,d3,...,d3x, D1, D, ..., Dyy. }.
Set

k k
M=kt ) [[TH2itg - Tmagl| 4 ) [T — x| (2.8)
=1 =1

Since the set £ is linearly independent, by Lemma 2.2, thereis a § > 0 such that whenever

mq,ms,...,My,_1 are k distinct integers with

E = {T™g,T™2g, .. TMzk-1g,TM2kg TNg,  TN*Z"1g} € £
and

|T™2t-1g — x;|| < & for1<I<k, (2.9)

we get

(2.10)

We may further assume that § satisfies

€
6 <minq1, 5 (- (2.11)

20171l (1 +%M)

Note that there exists such an E € £ because g is a hypercyclic vector for T. Moreover, for

any such E € € and for any integer [ with 1 <1<k, we have
ILE'TLg(x) — Bxyll S ILg*TLg(x)) — Lg' TLg(T™2-1g)|| + |ILg TLg(T™2-1g) — Bx|. (2.12)

To estimate the first summand on the right-hand side of (2.12), note that

ILE'TLg(x) — Lg' TLg(T™21@) || < LB T Lg e, — T™21gll < L' INITNILENS, by (2.9)
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2k 2
2 .
< <1+A—Z||TN+]_1g—Tmig|| ITIS, by (2.6)
£

2
2k
4 .
< (1 + :Z”TN“‘lg - Tmfg||> ITII8, by (2.10). (2.13)
Ay
We now estimate the above summation
2k k k
”TN+j—1g _ijg” — ”TN+21—1g _Tmzlg” + ”TN+21—2g _Tmzl_lg”
k k k
< DI gl + ) g — gl + ) [l - Tl
=1 =1 =1
k k
<l YT~ Tragl 4 TV 2 g — xll, by (29),(2.11)
=1 1=1
=M, by(2.8).
Combining inequality (2.13) with the above inequality gives us
4 2 €
|LE*TLg(x;) — LE*TLg (T2 9) || < (1 + ZM) TS < oL by (2.11). (2.14)

To estimate the second summand on the right-hand side of (2.12), observe that for each

integer i with 1<i <2k, we have

2k

Lp(T™ig) = T™ig + ) 25(T™ig)(TVH=1g = T™g), by (25)
j=1
=TMig+ (TN+i"1g —T™ig),  byClaim1
— TN+i_1g.
Thus,
|LE*TLg(T™2-1g) — Bxy|| = |Lz*TTV*372g — Bxy||, by (2.15)
— ||LE~1TN+21_1g _ Bxl”
=IT™2g —Bxll, by (2.15)

< % by (2.7).

(2.15)

(2.16)

Combining inequality (2.12) with inequalities (2.14) and (2.16) yields ||Lz'TLg(x;) — Bx;|| <€,
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and so Lz!'TLg € U which completes the proof of Claim 2. o

We now construct a path of operators between T and Lz'TLg which lies entirely within

the conjugate set S(T) of the operator T.

Claim 3. For each E € E, there is a path of operators between T and Lz'TLg contained in the
conjugate set S(T) for which the set of common hypercyclic vectors for the whole path is a
dense Gg set.

Proof of Claim 3. Let E be the setin £ givenin (2.4). For each t € [0, 1], define an operator
Lig: X > X by

2k
LesG) = x4 ) A (0)(TV g = T™ig),
j=1

Using computations similar to those before Claim 1, each operator L,y is invertible, and its
inverse L;z: X — X is given by

2k

Lip(x) = x + Z tA; 5 () (T™ig — TN”_lg).
i=1

Consider the path of operators {G, € B(X): t € [0,1]}, where G, = L;;TL. . Clearly this path of
operators is between T and L;'TL; and lies entirely in the conjugate set S(T). To show
Ntefo,11HC(Gy) is adense Gs set, first note that by Corollary 2.3 in [13], the set Nieo,11HC(Ge)
isa Gs set, and so it suffices to show this set is also dense. We do this by proving

{spanOrb(T, g)} \ {0} is contained inside the set N¢c[o1;HC(G,). To begin, note that given any
nonzero polynomial p and any t € [0,1], we have L;zp(T)g # 0 because p(T)g # 0 by the

linear independence of the orbit of g, and because the operator L.y is invertible. Furthermore,

2k
Legp(T)g = p(Tg + Z td;(p(Tg)(TN*/~1g — T™ig) € {spanOrb(T, g)} \ {0} € HC(T),
=1

because every nonzero vector from the linear span of a dense orbit is a hypercyclic vector; see
Bourdon [12] and Bés [10]. Therefore, by statement (2.1), we get p(T)g € HC(L;:TLy k) =
HC(Gy). Hence, {spanOrb(T,g)}\ {0} S Nefo,11HC(G), and this concludes the proof of Claim 3.

O
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We are now ready to construct the desired SOT-dense path of operators in the conjugate
set §(T). Let {E,,: n> 1} be an enumeration of the countable set €. By Claim 3, if for each
integer n>1, let Gy, = L3¢5 TLyyp, for t €[0,1/2] and G, = L3155 TLy— 5, for each
t € [1/2,1], then {G., € B(X):t € [0,1]} is a path of operators in the conjugate set S(T") such
that Gy, = G;,, =T and LgiTLEn = G120 € {Gen € B(X): t € [0, 1]}, and in addition, the set
Ntefo.1]HC(Ger) is adense Gs set. For each ¢ € [n,n +1], let F; = Gy_p,. Then {F; €
B(X):t € [1,)} is a path of operators in the conjugate set S(T) which is SOT-dense by Claim
2, and for which the set Nief1,0yHC(F) = Nj=1 Neefo1]HC(Ger) is adense G5 set. o

The SOT-dense path {F; € B(X):t € [1,00)} in the previous theorem consists of
operators of the form L~1TL, which share many properties that each other has; in fact, any
properties preserved by similarity. For instance, if one of them is chaotic, then every operator in
the whole path is chaotic. If one of them has a nontrivial kernel, then every one in the whole path
has one. If one of them is surjective, then every one is. If one of them has a nontrivial invariant
subspace, then every one has one. If every nonzero vector is a hypercyclic vector for one single
operator in the path, then the same holds true for every operator in the path. If one of them has a
hypercyclic subspace, which is an infinite dimensional closed subspace consisting, except the
zero vector, of hypercyclic vector of the operator, then every one in the path has such a
subspace. In the next section, we study more common properties that a path of operators may
share.

3. Corollaries of the Main Result

Theorem 2.4 has several interesting corollaries. First, let us examine the linear structure
within the dense Gs set of common hypercyclic vectors for the path of operators given within the
proof of Theorem 2.4. For each set E € &, consider the path of operators {G; € B(X):t € [0,1]}
between the operators T and Lz'TLg given in the proof of Claim 3. To show the set
Ntefo,11C(G,) of common hypercyclic is dense, we prove that if g is a hypercyclic vector for T,
then {spanOrb(T,g)} \ {0} is contained inside the set N[ 11HC(G,). Furthermore, these paths
of operators are the building blocks for the desired SOT-dense path of operators. Thus, the set of
common hypercyclic vectors for the path of operators constructed within the proof of Theorem

2.4 contains some natural linear structure.

Corollary 3.1. Let T be a hypercyclic operator in B(X),and let g € HC(T). There exists a path
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{F, € B(X):t € [1,0)} of operators, contained entirely in the conjugate set S(T), which is
SOT-dense in B(X),and for which {spanOrb(T,g)}\ {0} is contained within the dense G5 set

Nter,)H C(F) of common hypercyclic vectors.

Since the orbit of a hypercyclic vector is linearly independent, the set of common
hypercyclic vectors for the path of operators given in Corollary 3.1 contains an infinite
dimensional linear manifold for which every nonzero vector is a common hypercyclic vector.
However, the linear manifold given in Corollary 3.1 is not closed. Corollary 3.5 of Sanders [27]
provides a natural sufficient condition for the set of common hypercyclic vectors for a path of
operators to contain a closed, infinite dimensional subspace of which every nonzero vector is a
common hypercyclic vector.

The existence of a path of hypercyclic operators that is SOT-dense in B(X) gives us
information about the connectedness of the hypercyclic operators in B(X). Recall thatif Y and
Z are subsets of a topological space X satisfying Y € Z c Y, andif Y is connected, then Z is
also connected; see Munkres [25]. A path of operators in B(X) is SOT-connected, and so any
set of operators in B(X), which contains an SOT-dense path of operators, is also
SOT-connected. From this topological argument and Corollary 3.1, we get the next result.

Corollary 3.2. Let g be any nonzero vector in a separable, infinite dimensional Banach space X.
Then the set A = {T € B(X): g € HC(T)} is SOT-dense and SOT-connected in B(X).

Furthermore, its set of common hypercyclic vectors is N4 HC(T) = (span{g}) \ {0}.

Proof. For the first part of the proof, it suffices to show there is an operator T in B(X) with
g € HC(T). By Corollary 3.1, it follows that the set {T € B(X): g € HC(T)} contains a path of
operators which is SOT-dense in B(X), and consequently SOT-connected by the topological
argument above. To this end, let T, be a hypercyclic operator with HC(T,) # X \ {0}; see
Ansari in [2] or by Bernal in [8]. Let g, € HC(T,). Choose an invertible map L: X - X such that
Lg =gy, and set T = L™1T,L. Since Lg = g, € HC(T,), by statement (2.1) we get
g € HC(L™IT,L) = HC(T).

For the second part, observe that (span{g})\{0} S Nres HC(T) because
g € Nreqg HC(T). To establish the reverse set inequality, let hy € HC(T,) with hy # 0. For any
h & span{g}, the sets {g, h} and {g,, ho} are each linearly independent, and so there is an
invertible map Ly: X = X with Lyg =g, and Lyh = h,. Again by statement (2.1), this implies
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g € HC(Ly'TyLy) and h & HC(Ly'TyLo).Thus, h & Nreqg HC(T). O

In many of the known cases, the set of common hypercyclic vectors for an uncountable
family of hypercyclic operators is either empty or a dense Gs set. Corollary 3.2 provides an
example of a set of common hypercyclic vectors which is a Gs set that fails to be dense.

When H is a separable, infinite dimensional Hilbert space over the scalar field C, the
invertible operators are path connected; see Douglas [21]. Thus, the conjugate set of a
hypercyclic operator is both SOT-dense and SOT-connected in B(H). By the topological
argument given before Corollary 3.2, the hypercyclic operators in B(H) then form an
SOT-connected subset of B(H); see [15]. For the Banach space version of the result, we can
combine Theorem 2.4 and the topological argument given before Corollary 3.2.

Corollary 3.3. Let X be a separable, infinite dimensional Banach space. The set of all
hypercyclic operators is SOT-connected in B(X).

The argument used in Corollary 3.2 can be used to show certain well-known classes of
hypercyclic operators are SOT-connected in B(X). For example, from the definition of a chaotic
operator, one can easily see that an operator is chaotic if and only if each operator in its
conjugate set is chaotic. Using the same argument as with Corollary 3.3, we get the following

result.

Corollary 3.4. Let X be a separable, infinite dimensional Banach space which admits a chaotic

operator. The set of all chaotic operators is SOT-connected in B(X).

For another example, an operator T in B(X) satisfies the Hypercyclicity Criterion if and
only if each operator in its conjugate set satisfies the criterion. Moreover, every separable, infinite
dimensional Banach space admits an operator which satisfies the Hypercyclicity Criterion; see
the hypercyclic operator constructed by Ansari in [2] or by Bernal in [8]. Thus, the collection of all
hypercyclic operators in B(X) which satisfies the Hypercyclicity Criterion is SOT-connected in
B(X). De la Rosa and Read [20] provided an example of a Banach space which admits a
hypercyclic operator that fails to satisfy the Hypercyclicity Criterion. Using techniques inspired by
De la Rosa and Read, Bayart and Matheron [6] showed some common Banach spaces,
including the sequence Hilbert space #2, also admit such hypercyclic operators. Since a
hypercyclic operator fails to satisfy the Hypercyclicity Criterion if and only if each operator in its
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conjugate set fails to satisfy the criterion, we get that whenever a Banach space X admits a
hypercyclic operator that fails to satisfy the Hypercyclicity Criterion, then the collection of all such
operators is SOT-connected in B(X). Again, by a similar argument, if the Banach space X
admits an operator with no nontrivial, closed, invariant subset, then the collection of all such
operators is SOT-connected in B(X). Recently, Chan and Seceleanu [16,17] provided classes of
operators for each of which having one orbit with a nonzero limit point imply the operator be
hypercyclic. An operator has this property if and only if each operator in the conjugate set also
has this property. By our topological argument, the collection of all operators having this property
is an SOT-connected subset of B(X).

4. Final Remarks

In the final section of this paper, we discuss some natural questions which arise from the
results in the previous sections. To begin, Proposition 2.1 states that the set of common
hypercyclic vectors for the entire conjugate set is either all nonzero vectors or the empty set. In
the Hilbert space setting, the unitary orbit, U(T) = {U~1TU: U unitary}, of an operator T is a
well-studied subset of the conjugate set S(T). Obviously, the unitary orbit U(T) is strictly
smaller than the conjugate set S(T). Hence, in view of Proposition 2.1, one may ask whether the
set Nueucr) HC(A) of common hypercyclic vectors for the unitary orbit U(T) is always a dense
Gs setif T is hypercyclic.

As it turns out, the answer is still negative, unless we have the trivial case that every
nonzero vector is a hypercyclic vector for T and hence the set of common hypercyclic vectors is
H \ {0}. Otherwise, we have a unit vector y that is not a hypercyclic vector for T. Extend the
singleton set {y} to an orthonormal basis of H. For any unit vector x, extend the singleton set
{x} to an orthonormal basis of H. Let V: H - H be a unitary operator taking the second
orthonormal basis one-to-one and onto the first orthonormal basis with Vx = y. Since y ¢
HC(T), by statement (2.1), we get x ¢ HC(V~1TV). From this, we can conclude
Naeur)y HE(T) = 0.

Of course, the unitary orbit U(T) cannot be SOT-dense in B(H) because every
operator in the unitary orbit U(T) has the same norm as the operator T. Along that line, a
question one may ask is whether we can have a path of operators in the unitary orbit U(T) of a
hypercyclic operator T that is SOT-dense in ||T|| - Sph(H), where Sph(H) denotes the unit
sphere of H. This may appear to have a positive answer, given the results in the previous

sections. However, the answer is negative because the unitary orbit U(T) is not necessarily
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SOT-dense in ||T|| - Sph(H). One can easily construct the following counterexample in the
sequence space £2(Z) = (3%, ane,: Ylay|? < ©}, where {e,:n € Z} is the canonical
orthonormal basis of #2(Z). Let T: £%(Z) - £*(Z) be the bilateral weighted backward shift on the

sequence space defined by

e} -1 e}
1
T( 2 anen> = 2 Eanen_1 + 2 2apen_1.
n=0

n=—oo n=—oo

The above formula defines a hypercyclic shift T due to a result of Salas [28, Theorem 2.1]. Let
A: £2(Z) - ¢%(Z) be defined by

A( 2 anen> = 2agey.

n=—oo

Clearly [IT]l = [IA]l = 2. If we let
1
0= {s € B(£2(D)): |ISes — Aey|| < Z}'

be an SOT-open set containing A, then one can easily show that no operator in the unitary orbit
U(T) isin O.Infact, ||Tf|l=|If]l/2 forevery vector f in ¢2(Z), and so |[UTITUf||=|IfIl/2 for

any unitary operator U. Hence we have
1
IU™'TUe; — Ae,|| >§,

andso U™ITU ¢ 0.

We now switch our focus to weak hypercyclicity in the setting of a separable, infinite
dimensional Banach space X. An operator T in B(X) is weakly hypercyclic if there is a vector
x in X for which its orbit Orb(T, x) is dense in X with respect to the weak topology. Any such
vector x is called a weakly hypercyclic vector for T, and we use the notation WHC(T) to
denote the set of all weakly hypercyclic vectors for the operator T. By a similarity argument, an
operator is weakly hypercyclic but not hypercyclic if and only if the same is true for each operator
in the conjugate set; see Chan and Sanders [14] or Shkarin [29] for the existence of such
operators. Bes and Chan [9] showed that the conjugate set of a weakly hypercyclic operator is
SOT-dense in the operator algebra B(X). Combining above discussion with Theorem 2.4
naturally leads to the question:

Question 4.1. If T is a weakly hypercyclic operator in B(X) which fails to be hypercyclic, does
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the conjugate set S(T) contain a path {F; € B(X):t € [1,2)} of operators which is SOT-dense

in B(X), and for which the set Nep1,0) WHC(F;) of common weakly hypercyclic vectors is dense?

The techniques in the proof of Theorem 2.4 cannot be applied to the above problem
because the existence of a norm dense orbit is vital to the construction of the desired SOT-dense
path.
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