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Figure 6.6: Trajectory for ¢ = 27 sec/turn and A = 1 on Earth

Figure 6.7: Trajectory for ¢ = 20 sec/turn and A = 2 on Mars
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Figure 6.8: Trajectory for ¢ = 20 sec/turn and A = 2 on Earth
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Figure 6.9: Detailed end of trajectory for ¢ = 20 sec/turn and A = 2 on Earth

The torsion and spiraling frequency for this trajectory were calculated and are displayed in

Figures 6.12 and 6.13.

6.2.2 Filter Parameters

One of the most important and complicated steps in applied filtering is the tuning

process of finding the parameters that make the filter function as desired. To compare (in an
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speed [mis]

Figure 6.10: Trajectory for ¢ = 0 sec/turn and A = 0 on Mars

Table 6.2: Trajectory and vehicle parameters (speed and position in local frame)

Parameter | Value units
azimuthy 30 degrees
elevy -10 degrees
speed, 5000 m/s
East 0 km
North 50 km
Altitude 100 km
Ao 2 -
©o 0 rad
Bm 4000 | kg/m?
S 2 m
@ 27 | sec/turn

objective way) the results given by the estimation techniques,it is essential to use the same
values for the measurement noise, since the same sensor is used for both implementations.
Dissimilar values for the process noise can be used, since, even though the same model is

used, different kind of approximations are made in both filtering techniques.

Other important parameters are the time step used in the solution of the differential
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Figure 6.11: Chosen trajectory with radar (*), in local frame

Figure 6.12: Torsion of the trajectory

equations. This affects the performance of the filters, since it determines the length of the
prediction step. In this case, 0t = 0.03s for the EKF and 0t = 0.04s for the particle filter.

The particle filter was made with N = 1000.

East Direction (Km)

Figure 6.13: Change in spiraling frequency through the trajectory
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Table 6.3: Parameter for the EKF

Parameter Value
Q diag([0000000.120.120.120.01% 0.017])
R diag([10% 0.001% 0.0012 10?])
Py diag([400% 4002 400 202 20% 202 0.5% 0.52 0.5% 0.5% 272])

Table 6.4: Parameter for the particle filter

Parameter Value
Q diag([0000000.01%0.012 0.01% 0.01% 0.01?])
R diag([10? 0.001% 0.0012 10%])
Py diag([400% 400% 4002 202 20% 202 0.5% 0.5% 0.52 0.5% 72])

6.2.3 State Estimation Error

We have results showing the behavior of the difference between the truth (simulated
trajectory) and the states estimated. Figures 6.14 to 6.21 show the error estimation for the
states and the square root of their respective state estimation error covariance, after 30
Monte Carlo simulation runs.
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Figure 6.14: Position estimation error for the EKF

It is observed in some of the figures (see for example Fig. 6.20) that the covariance
seems to grow again at the end of the trajectory. This is not due to divergence of the filter;

it is due to the nature of the measurements, since the measured range has a similar behavior
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Figure 6.15: Velocity estimation error for the EKF
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Figure 6.16: Acceleration estimation error for the EKF

(see Fig. 6.22).

6.2.4 Spiraling Estimation Error

The calculation of the spiraling is done through the calculation of the estimated
torsion. Its error is a combination of the state estimation errors. The torsion is a small
number, so in percentage the error is larger than other larger variables. The spiraling

frequency error is obtained by scaling the torsion estimation errors with the velocity
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Figure 6.17: Parameters estimation error for the EKF
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Figure 6.18: Position estimation error for the PF

estimation errors.

6.3 General analysis of estimation error

The successful implementation and errors obtained show that the coarse and highly
nonlinear model can actually be used for estimation of the state and spiraling of a reentry
vehicle, both techniques showing satisfactory results using just one radar. In general, even
though in theory the covariance in the particle filter is suppose to increase with time (see

Chapter 5), with a careful implementation a proper behavior of the covariance can be
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Figure 6.22: The range measurements increase with time (local frame)
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Figure 6.23: Torsion estimation error for the EKF

25

Torsion error (1/m)
o
o
T
1

- -

| | ! | |
0 20 40 60 80 100 120 140 160 180 200
Time (s)

Figure 6.24: Torsion estimation error for the particle filter
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obtained. The particle filter has analytical advantages, due to the sampled representation g?
the states at each instant of time. An empirical probability density function of the different
variables can be obtained, for instance see Fig. 6.25, and it can be seen that it actually
shows a non-Gaussian distribution, even though there was Gaussian assumption for the

measurement, and process noises.
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Figure 6.25: Probability density function for position in X at time = 167.6 s

In particular, it can be said that the particle filter outperformed the extended
Kalman filter in the estimation of the parameters A and (. This can be seen comparing
Figures 6.17 and 6.21, and is important when identifying a target. A better performance is
obtained when estimating acceleration, Fig. 6.20, reflected too in a better estimation of the

torsion from which it follows that we obtain a better estimation of the spiraling, in general.



67

CHAPTER 7

Conclusions

7.1 Conclusions

The main purpose of this work was to develop a physics-based model to be used for
estimation of the state and spiraling of a reentry vehicle in the atmosphere. The types of
reentry vehicles investigated are limited to axisymmetric vehicles. The estimation process
was based on Bayesian estimation techniques, in particular, the popular extended Kalman

filter and the newer technique known as the particle filter.

Concepts from differential geometry were used to analyze the trajectory behavior,
using torsion as a measure of the spiraling of the trajectory. The torsion can also be scaled

by velocity to obtain the spiraling frequency.

The use of the Bayesian framework is useful as a common foundation where the main
technique is born naturally out of simple concepts of dynamical systems and probability
theory, and then particular techniques are obtain by the application of key assumptions.
This actually shows the relationship between the existing techniques and the possibilities of

expansion and creation of new techniques.

The implementation of the EKF and the particle filter showed satisfactory results
and can actually be used for the estimation of the states and torsion of the trajectory. It was

shown that the particle filter can outperform the EKF', but for real time applications
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parallelization will be needed for the particle filter to reduce the execution time.

7.2 Future Work

There are three particular lines of action where to extend and/or improve the results
from this work. First, performing tests of an actual vehicle to validate the characteristics of
a reentry trajectory model with high degree of confidence. A simplified version of the model
was already implemented in a real system for aircraft tracking by Bishop [6]. Secondly, the
model can be extended even more using other physical principles, adding more degrees of
freedom to the vehicle movement, changing the treatment as a point to that of a rigid body.
Lastly, a relationship between the particle filter and the technique of bank of expert EKF's

[5] could be established.
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APPENDIX A

Derivation of Jacobian Matrices

A.1 State Propagation Partials

The derivation of the state propagation partials for this model can be found in the
Appendix of [5], but it doesn’t include the parameters A and . The partials here are just an
extension of the ones shown in that work, expanding the size of the Jacobian matrix to
include the parameters. Partials of the gravity and atmospheric models are not included
because they are application dependant under the assumptions made about the planet. The
derivation mentioned before is reproduced here to account for the different notation and

additions to the Jacobian Matrix.

First, let recall that the planetary rotation vector is

Q=00 9"

Then defining the relative state vector X, we have

P, = a+g—Qxr (A.1)



with

r — *Uu
eV =L, eV=—-"t " and e¥=eVxel
Ir Tk,
We have the equation of motion
r = a+g
r = [wx*xal+ [pel xa] — [Deql”] + L[—ey¥sing + es¥ cos ] + &
X = [ri]f
with
T, * T,
w" = ,
7

The first step is the derivation of the partials for the relative states X,.:

00X, S(2) Isxz Osxs
oxX

033 S(2) Isxs
dd};r = [03x3 I3y
aX, 00X, dX,dg
X ~ X g ax’
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(A.2)

(A.3)

where S() designates the skew symmetric representing the vector cross product in the sense

that

axb=S(a)b V a,bc R

We can also compute the partials of each of the wind frame vectors (omitting the



superscript w for easier reading)
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HrrH2 - 7'7%17 Trzfrya 7'“7”17'}2
del 1 . . . . . .
ax,. [ 8 | Tl o TryTr.  O3x3
TryTor. s P"‘ryf“rza ||rr||2 - 7'"1
e _ (LS plerenSinle an)y
e, ler ]| lex  rf|?
8e3
Jo, S(e2)
Oey _ S(e1) 2(el>|<1‘)(S(e1)(el>l<I'))T 0
0X ller = r|| e xr||? 36
d61 o 8e1 0XT
X 90X, 0X
de, Oey, 0Oeyde;
L = ==y e A4
dX 0X = Oe; dX (A.4)
des _ Degde
dX — Oe; dX’
Partials are then taken for each of the terms in the equation of motion A.2
T, = wx*a

oT,

ox  — Osxe S(w)]

o s S 2T [ 0, (A5)

dx,  [l& | A [ '

oT,

= —-S

S0 (a)

dT, 0T, n 0T, dw dX,

dX 00X Ow dX, dX’



T, = ¢e xa

OT .

c‘)_Xb = ¢ [03x6 S(ey)]

OT,

2 = _8

8e1 (81)

dT, 8Tb+8Tb de; dX,

dX 90X e, dX, dX’
Tc = —D61

T, __ dD _ pde
ax lax dxX’

dTy
dX

L(—eysin(p) + e3 cos(p))
dL

(—egsin(yp) + es cos(p))—= +

dX

L(—eQ sin(p) + e3 cos(y))

where appropriate expressions of L and D are given by

with

(CLQ + CLQ)

Iy 3|y

<CDQ + C'Dq>
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(A.10)

(A.11)

(A.12)
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L.
¢ = gl (A13)

. 1. L.
¢ = gollenll” + iy sk, (A.14)

Hence, we have the following partials:

¢ _ EQH 2

oxX 24X

d )

d)gr = p[i7 0ps] (A.15)
dq dq dg dX,

dq 1dp

X ~ 2ax ! ”2+_r’”@r’"

dg T LT

X = p[f, O1x3] +p[ } (A.16)
dq 8 dg dX,

X — X | dX, dX

L S dg . dg

X - E<CLd_X+CLdX) (A.17)
b S dg . dg

X - E(CDd—wadx)

To find the partial with respect to the parameters A and ¢ we need a different representation

for L and D



and

L

Then we have

0T,
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: 2ZF 0T 2(Q*r)OF, rOT
D:’qu““%( R _Hr>’

:2ﬁm(&) q)\(Qr@r_Q(Q*r)(Dr,«_r@r>'

) )
Cp 72 72 H,r

2FOF  2(x*r)OF, rOT
- 9 _ _ A.18
O\ qu ( 2 f% Hor e ( )
oT 2rOr  2(Qx*xr)OF, ror .
8_)\d = 4Bmq ( o ( 7«3) _ o > (—eqsin(p) + ez cos(p))  (A.19)
oT : :
a—(pd = —L(egcos(p) + essin(p)) (A.20)
Finally, the state propagation partial matrix F is given by
i | |
03x3 I3xs 0331 O3x1 ! 03
| |
033 O3x3 Iwz . O30 Ogx1
F = ! ! (A.21)

02x3

dT, dT, dT.
dX + dX + dX

02X3

dT,
+ X
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