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Abstract: A class of discrete-time nonlinear system and measurement equations having
incrementally conic nonlinearities and finite energy disturbances is considered. A linear matrix
inequality based resilient observer design approach is presented to guarantee the satisfaction of a
variety of performance criteria ranging from simple estimation error boundedness to dissipativity
in the presence of bounded perturbations on the gain. Some simulation examples are included to
illustrate the proposed design methodology.
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SECTION L

Introduction

In recent years, many new nonlinear state observer design techniques have been
developed: feedback linearization, variable structure, extended linearization, high gain
observers and Lyapunov-based techniques, among others. In references,23 several
feedback linearization techniques for a class of nonlinear systems are proposed. A variable
structure technique is proposed in reference.* Performance of several nonlinear state
observation techniques are compared in.> A design methodology for state estimation of
nonlinear stochastic systems and measurement models with colored noise process is
presented in reference.® In,” an extension is given of the variable structure observers to
unbounded noise and measurement uncertainties. In,® an adaptive extension of the sliding-
mode observer to state reconstruction of nonlinear systems with uncertainty having
unknown bounds is presented. An extended linearization technique, a design method based
on the family of linearizations of the system, parameterized by constant operating points
for a single input and multiple output nonlinear system model is considered in° High gain
observers are introduced for nonlinear systems in.10.11 The Lyapunov-based observer
design introduced inl2 for a class of nonlinear systems is extended and improved further by
several researchers.1314151617.18,19,20 These are only some of the major approaches to
nonlinear observer design included due to space limitations.

In this paper, a novel design of resilient observers is introduced for discrete-time
nonlinear systems with incrementally conic nonlinearities and finite energy type
disturbances. An observer for which the closed-loop system is destabilized by a small
perturbation in the observer gains is referred to as a “fragile” or “non-resilient” observer.
Although, this problem was addressed in the gain margin studies in classical control, the
topic has regained attention recently.21,22.23,24,25,26,27,28,29,30,31,32,33,34,35,36 Since more and
more implementations of controllers and observers are done digitally, there are numerical
round off errors in computation. Also, some implementations need manual tuning with
obtaining the preferred performance of the observer system. For that reason, it is desired
to design an observer that has tolerance to the readjustment of the gain coefficients.

In this work, an observer design method is presented to accommodate such
perturbations in the gain where nonlinearities are allowed in both the state and the
measurement equations and are more general than the Lipschitz type nonlinearity used
in.1213141516,17 | inear matrix inequality (LMI) techniques3? are used as the main
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mathematical tool. This result is a natural follow up to the LMI-based robust observer
design method presented in31 for continuous-time uncertain nonlinear systems with
integral quadratic constraints and its control counterpart of,32 which is the design of linear
state feedback controllers for a class of continuous-time nonlinear systems with uncertain
nonlinear dissipative dynamics in the feedback loop. This result is also generalization of the
results in.33 In the next section, the problem of nonlinear observer design according to
various performance criteria is formulated. Then the LMI solutions are introduced in
Section 3. Simulation examples presented in Section 4 provide validation for the theoretical
results.

The following notation is utilized in this work: x € R™ denotes an n-dimensional

vector with real elements and with the associated norm || x ||= (xTx)% where ()T
represents the transpose. A € R™*™ denotes an m X n matrix with real elements. 4 -1 is the
inverse of matrix 4,4>0(A<0) means 4 is a positive (negative) definite matrix, and Zx is
an identity matrix of dimension mA,,4, (4) (A (A)) denotes the maximum(minimum)
eigenvalue of a symmetric matrix A. £, is the space of vector valued signals with finite
energy. Rayleigh's inequalities for a symmetric matrix A will be used in this work. Also the
following Schur complement results:

5 ¢ ]

C>0)e (C—BT" A B>0and A > 0)

>0 (A—BC ' BT >0and

for suitably defined matrices will be used.

SECTION IL.

Problem Formulation

Consider a state space representation of a non-linear system of the general form:

Xis1 = X, wie, W), yie = h(Xg, uge, W) (D
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where x;,, € R" is the state to be estimated from knowledge of the control input u;, €
R™ and the measurement output y, RP.w; is an £2 disturbance input. The nonlinear

functions fand A are assumed to be measurable functions of their arguments.

We assume the following incrementally conic condition on the nonlinearites:

H[ Flek,wk
H(ek,wk)

N ” fxk,uk,wik)—f(x” k,uk,0) — (dek +BWk]||
~ Mlh(xk,uk,wk)—h(x" k,uk,0)— (Cek + Dwk

<llAfex + Brwk |l

(2)

for e, = x), — % for any two vectors x;, £ € R™ and for some matrices 4, B, C, D, Af, and
B £ This describes in incremental terms the maximum deviation given by the right side of
(2) of the nonlinearities F and A from the central linear system describing the error
evolution

€k+1 — Aek + Bwktyk = Cek + DWk

where (4,0) is a detectable pair. Note that vector functions fand 4 which are globally
Lipschitz in their arguments used in [12]“[17] are special cases of incremental conicity
defined in (2) with 4=0,5=0,(=0 and D=0, where (4, () is trivially detectable.

Let X, the estimate of the true state, obey the following nonlinear Luenberger observer
equation

Rir1 = f Rio e, 0) + (K + A ) (i — h(Rg, g, 0)) 3

where Axrepresents the additive perturbation (due to computational or tuning errors) in
the observer gain which is bounded as follows:

AT A, < 7l for r>0 and for all £>0.

The dimension of A is identical to the dimension of the gain. Substituting from equations
(1) - (3), adding and subtracting the same terms and then rearranging, we find that the
error dynamics obey
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ex+1 = f (e wie, wi) — f (R, Uk, 0) £ (Ae + Bwy)
—(K + Ap){h(xg, ug, wy) — h(Zg, ug, 0) = (Cep + Dwy )}
=(A—(K+A,)Ce, + (B—KD)w
+F(ex, wy) — (K + Ag)H (e, wy)
Bwy, + F(e,, wy)
Dwy + H (e, wy)

(4)

= (A—KC)e, + [I,—(K + Ap)]

Let Zk denote the performance output where

z, = C,e, + D,wy (5)

and consider the general performance objective

Vier = Vi + 68 1l i 112 +€Il wy, 12— Bz, Twy, < 0 (6)

for an energy function V,, = e,” Pe, where P>0.

Notice that upon summation, inequality (6) yields

N
en"Pey < ey"Peq— ., _ (8lz I? +EI wy 17— Bz "wy) (7)

or by using Rayleigh's inequalities, we obtain

Amin(P) I en "2S Amax(P) I €o ”2
8
— 3N 1z 12+l w 12= Bz Twi)

that allows several optimization possibilities in a unified eigenvalue problem3° framework.
We can design different observers for a variety of performance criteria for this class of
systems.

First of all, in the absence of noise w;, = 0,k > 0 if we take § = 0,8 = 0, and €=0, (8)
yields

A (P) 2
| en 1°< 22—l e, |l
N Amin(P) 0
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This means that by minimizing Amax (£) and maximizing Amin (7P), we can lower the bound
on the norm of the estimation error, which will guarantee a faster response for the
observer. Note that this implies boundedness of the estimation error (stability).

By taking 6>0, =0, and €=0, (8) will yield a bound on the energy of the performance
output in terms of the initial estimation error eo

N

2 1 2
I 2 17 S S Amax(P) 1l g |

Minimizing Amax (£) and maximizing d will give us a smaller bound on the energy of the
performance output. This is suboptimal /2 observer.3°

In the noisy case, by setting =1, =0, and, €<0 for eo =0, gives the result

N N
Z I 2, I2< —eZ I wy 112
k=0 k=0

which means a bound on the #2 to £2 gain of the estimator (Suboptimal # « observer).
Maximizing € will minimize the energy of the performance output.

When eo =0, if we use this formulation, we can design several dissipative controllers by
using different values of 4,5 and €.

If we take 6=0,4=1, and, €>0, it yields the input strict passivity result:

N

N
2., >€ z AL
k=0 k=0

Maximizing € will maximize the lossy nature of this observer.

Similarly, other dissipativity results can be obtained by changing 4,5, and € values. For
example, taking eo =06=0,5=1, and €=0 gives passivity
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=2

If we set 6>0,4=1, and €=0, we get output strict passivity:

=

N
2w, = 6 z AL
k=0 k=0

Very strict passivity, which is the strict passivity both in the terms of the input and the
output, can be obtained if we set 6>0,6=1, and €> 0:

N N
2w, >€ z | wy, 12+ 52 | Z,, 112
k=0 k=0

Again maximizing € and d will maximize the dissipative nature of the observer.

N

k=0

Therefore, this LMI formulation enables us to design different observers according to a
variety of performance criteria in a common framework.

SECTION IIIL

LMI Solution

Let us first consider the case where there is no noise with =0, D=0, Br=0, D=0, €=0 and
F=0 . Substituting for the terms in inequality (6), we obtain
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T
{(A — (K + D) 0e + [I, —(K + Ay)] ZE‘Z’S }

F
« P {(A _ (K +A)C)e, + [1—(K + 8] [F &) }
}I(ek)
—elPe, +68elClCe, <0
9

The following is true for any a>0

1
—(K + Akﬂ] Pex

I -1 T T F
] [_(K N Ak)T]Pek +a ' [FTHT] [ |
< aefP(I + (K + A)(K + A )T)Pey + a™*(Are + Brw)T (Are + Brw)

(10)

e PI, (K + 8,1 1]+ 17, 171

< ae,TP[I, (K + Ay)

where we have used (2).

Using (10), a sufficient condition for (9) is

el [(P — 8CEC; — aATA) — (A — (K + A)0)T
X (P —a P+ (K +A)(K +A)T)P) IP(A — (K + A)C)]e, = 0
(11)

Using the Schur complement result given in the introduction twice for the quadratic terms
in (11), we obtain the following sufficient condition for (9):

11 912 913 Y14
0= * Q22 423 Q24
N * (33 (34|
k k k q44
(12)

for
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qi1 =P —8CIC, — als"Af,q1, = ATP — CTYT — CTA'P
q13 = 0,914 = 0,922 = P,q23 = P,q24 = =Y — PAy,
433 = qaa = al,q34 =0
for Y=PKBy arranging (12)

P—-68C,"C,—aAs Ay ATP—CTYT 0 0

* P P =Y
* * al O
* * al
0 c™A,"P 0 0 4
S |* 0 0 PAg
* * 0 0
* * * 0

and from

[0ATP00]T[CO0I] + [C00I]T[0AL POO]
< [0A}PO0]T[0ALPOO] + b~1[COOIT[COOI]

for any 5>0, we can derive the upper bound of the right hand side of (13). By replacing the
right hand side of (13) with the upper bound, and by substituting /=r—1, and using Schur's
complement on the resulting matrices, we obtain

P —6CFC, — aAfTAf —rCT’Cc ATP-CTYT 0 —rCT 0]
* P P -Y P
* * al 0 01=0(014)
* * * (a—r) O

B * * * 0 I—

The LMI (14) needs to be solved for >0, Yand >0 in the non-noisy case and K is found
from K=P-'Y

In the presence of noise, (6) yields
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Bwy, + F(ex, wy) }T
DWk + H(ek,Wk)

BWk + F(ek,Wk) } (15)
Dwy + H (e, wy)

—ekTPek + S(Czek + DZWk)T(CZek + DZWk)+E W,’{Wk - ﬁ(Czek + DZWk)TWk < 0

{(A —KC)ey + [I, (K + AQ)] [

X P{(A —KCey + [I,—(K + Ap)] [

Using inequality (10) in a similar manner, a sufficient condition for (13) to hold is given by

e, T wiT] [ril 22” ]20 (16)

for a>0, where

r =P —6C, C;—alfTAr — (A— (K + 8,)0)T
X P(P — a~'P(I + (K + A (K + A)T)P)TP(A — (K + A)C)
rip = —6C,"D, +£¢," — ad; "By — (A— (K + 8,)0)"
X P(P— a~'P(1+ (K + A ) (K + A)T)P)"P(B — (K + A,)D)
rys = —6D,"D,~€ I +5(D," + D;) — aB;"B; — (B — (K + A,)D)"
X P(P — a~'P(1+ (K + A ) (K + A)T)P)"P(B — (K + A,)D)

By using the Schur complement twice, we obtain

rS11 S12 S13 S14 S157
*  Sy2 S23 S24  S25

S=] * * S33 S34 S35(=0Q@17)
* * *  Saa Sas
R * * *  Sgsd

for
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s11 =P —68C, C, — aAf Ay,
S, = —6C, D, + gCZT = aAfTBf,
S;3 =ATP —CTYT — CTA"P, S35 = 53, = P,
S14 = S15 = S24 = S5 = Sy5 = 0,544 = S55 = al
S32 =—6D,"D,~€ 1 +£(D, +D,") — aB,"B;
Sy3 = BTP —DTYT — DTA,"P,s35 =Y — PA,
where Y=PK

Then, by proceeding in a similar manner to the non-noisy case, leads to

SNqy1 SNqp SNyz3 SNyg4 SNMyg SNig SNq77

* SNyy SNy3  SNpyy SNy SNyg SNy
* * SN33 SN3z4 SNgzg SNz SN3y
SN =| * * * SNyq SNys SNy SMy7 (>0
* * * * SNgs SNgg  SNgy
* k k * k Sn66 Sn67
|k * * * * SNyg SNy
for
sny, =P —68C,"C, —aAs"A; —CTC,
snyz = =8C,"D, +5¢," — adf"B; - CTD, (18)
s;3 =ATP —CTYT,s;c = —1CT

SNqg4 = SNqg = SNq7 = SNy = SNy = SNyy
= SNyg = SNyg = SNy7 = SNgg = SNg7 = SNg7 = 0,
sny, = —8D,"D,—€ I +£(D, + D,") — aB,"B;
sny3 = BTP — DTYT, sny,e = P,snyg3 = P —rDTD,
SNzy = P,sn3s =Y,sn35 = 0,5n3;, = P,sny, = al
snes = (@ — 1), sngg = SN, =1,

The LMI (18) needs to be solved for Z>0,Yand >0 in the non-noisy case and Kis found
from K=P-1Y
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The above development is summarized in the following theorem:
Theorem:

Given the nonlinear system and measurement scheme in (1) and (2) where wy, € £,,
the use of the observer (3) leads to the satisfaction of the general performance objective
(6) for zx given by (5) if LMIs (14) and (18) are feasible, respectively for the non-noisy
(wg = 0,k = 0) and noisy cases, for >0, Yand r>0. The necessary gain is found from
K=P1Y

Remark:

The magnitude of maximum perturbation that the designed observer can tolerate for any
directions can be calculated from (14) for non-noisy case, and (18) for additive noise case.
However, the actual magnitude of the perturbation as a function of the direction can be
calculated from (12) and (17) for the noisy-free and noisy cases, respectively.

SECTION IV.

[llustrative Examples

Chaotic synchronization is chosen to demonstrate one of the possible applications of
the proposed observer design. Chua's circuit3” has become almost a benchmark for design
involving chaotic systems because of its strong nonlinear dynamical behavior. The
discretized (with sampling time 7=0.01 sec) version of the example in38 is chosen for this
demonstration. The simulation is done for the case of boundedness of the estimation error.
The state and measurement equation of this model in37 is written as follows:

[x1]

ST,

= [111] - [x125%3]"
wheref (x;) = bxl + 0.5(a,, — b)) (|xy + 1| — |x; — 1]).

and we use the following parameters in the simulation with a randomly chosen initial state:
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a. =9.1,B. = 16,5811, u = 0.138083,a, = —1.39386,b,, = —0.75590
'As = 0.0094, C, = [100],and & = 0.3.

For the given system and the performance criterion, the observer gain from LMI (14) is
found to be: K = [0.7798,1.4067,4.5295]T with v/y = 0.2062 which is the maximum bound
on the perturbation for which (14) holds. With this obtained gain, the LMI (12) is solved
for individual A = Q*[cos @cos 8, sin gcos 6, sin ]7to calculate the magnitude Q of the
actual (constant) perturbation. This value varies according to the changes in the direction
of perturbation. ¢p and #are the angles from the horizontal and vertical axes, respectively.
To obtain a more detailed picture of the magnitude of the perturbation with respect to the
direction, the computations of 2 in LMI (12) were conducted for 0 < ¢, 8 < 360° with an
increment of 2°. Magnitudes of allowable perturbations in the observer gain for various

¢ and @values are depicted in Fig. 1. From this figure, the minimum over these ranges of
angles of the maximum allowable perturbations is found to be 0.206235 which is very close
to the value of /y = 0.2062 found from (14), therefore the conservatism introduced when
going from (12) to (14) in the derivation has been kept to a minimum and the sufficient
conditions are close to being necessary also.

Fig. 1. Magnitude of perturbations for different ® and 6.

The maximum constant gain perturbation magnitude found from (12) for system (19) is:
A = 2.6679*[cos 74°cos 74°, sin 74°cos 74°, sin 74°]Tand this perturbation is applied for the
simulation.

The simulation results involving co-plots of state variables together with their estimates
(Fig.s 2(a)-(c)) and the norm of the error vector (Fig. 2(d)) show that the proposed
observer is able to estimate the state successfully.
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The calculated gain and perturbation are applied to the system in (17), with the observer
equation (3).

" :rﬂmﬂ“ufmmidiﬂﬁ”ﬂdﬂ“ﬂﬂ

Fig. 2. Plots of state variables, their estimates and the norm of the error vector vs. time

(sec).

Fig.s 3(a)-(c) are included to clearly depict the transient response of the observer state
variable estimates. Fig. 4 not only indicates that the original system shows chaotic
behavior, but also that the suggested observer successfully estimates the state.

Fig. 3. Plots of state variables, their estimates and the norm of the error vector vs. time

(sec)
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Fig. 4. Three-Dimensional plots of state variables and their estimates.

SECTION V.

Conclusions

A resilient discrete-time observer design procedure based on linear matrix inequalities has
been presented for a class of nonlinear system and measurement models. A common
framework is provided to design observers according to a variety of performance criteria.
The results of a chaotic synchronization simulation illustrate the effectiveness of the
proposed methodology.
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