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Abstract

Housing markets are closely related to monetary policy. This paper studies the link between
housing frictions and the effectiveness of forward guidance. A housing collateral constraint
and forward guidance shocks are incorporated into a standard medium-scale New Keynesian
Dynamic Stochastic General Equilibrium (DSGE) model. Our main results produce a number
of important implications. First, financial frictions emanating from the housing market dampen
the effectiveness of forward guidance on the economy. Second, forward guidance has asymmetric
effects on the welfare of lenders and borrowers when housing frictions increase. Housing frictions
also attenuate the effect of forward guidance at the zero lower bound. Finally, this article
provides a solution to “forward guidance puzzle” of Del Negro et al. (2012). Thus, policymakers
should consider housing frictions when examining the effects of forward guidance on the economy.
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1 Introduction

Monetary policy and housing markets have historically been closely related. Arguably, the Federal
Reserve’s excessively easy monetary policy contributed to a bubble in housing prices, which was
one of the main causes of the global financial crisis in 2007-2009. To combat the recession, the
federal funds rate, the conventional monetary policy instrument, was essentially set to zero from
2008 to 2015. Accordingly, the Fed conducted unconventional monetary policies such as large-scale
asset purchases and forward guidance. In addition, in response to the COVID-19 induced recession,
the Federal Reserve once again lowered the federal funds rate to its lowest possible level starting in
May 2020, and consequently, issued guidance on the future course of policy. Abundant liquidity has
flowed into the housing market again. In May 2021, Robert Shiller said, “In real terms, the home
prices have never been so high.” As such, monetary policy and the housing market are inextricably
linked. Surprisingly, to the best of our knowledge, no theoretical research has yet examined the
zero lower bound (ZLB), unconventional monetary policy, and housing markets simultaneously.

This paper studies both financial frictions emanating from the housing market and uncon-
ventional monetary policy of forward guidance announcements. A medium-scale New Keynesian
Dynamic Stochastic General Equilibrium (DSGE) model is utilized with two distinctive features.
First, the borrowing capacity of producers depends on the value of collateral such as housing prices
(e.g., Tacoviello, 2005; Liu et al., 2013; and Liu et al., 2016). Second, forward guidance shocks are
incorporated to a Taylor type monetary policy rule (e.g., Laséen and Svensson, 2011; Del Negro et
al., 2012; and Cole, 2021). The shocks are similar to “news shocks” of Schmitt-Grohé and Uribe
(2012) and represent time-contingent forward guidance in which the central bank communicates a
specific end date of their guidance on the interest rate.

We add to a standard New Keynesian DSGE model housing frictions similar to Liu et al. (2016).
The unique components include both households and capitalists holding housing stock. The former
group receives utility from housing. However, capitalists utilize housing for a different purpose.
This group borrows to fund their operations, but is subject to a borrowing constraint in the spirit
of Kiyotaki and Moore (1997). The extent of their credit depends on the value of their collateral,
which includes both holdings of housing and capital. Thus, if a capitalist holds more housing, it
can borrow more funds, increase capital, and generate economic economic activity.

An important parameter in our analysis is ¢, which can be interpreted as loan-to-value (LTV)



ratio of capitalists and will be detailed later in the paper. As { approaches to 1, capitalists can
borrow as much as the value of their collateral. This case stands for decreasing financial frictions. As
¢ approaches to zero, capitalists cannot borrow at all as their collateral is not valuable. This scenario
captures increased financial frictions. Moreover, in our benchmark case, we use an empirically
motivated value of ¢ found in prior studies.

Our results provide a number of important takeaways. First, financial frictions emanating from
the housing market dampen the effectiveness of forward guidance on the economy. For instance,
when the monetary authority announces interest rates will increase in the future, the impulse
responses of the macroeconomic variables react more when housing frictions are reduced. Under a
high value of (, a promise to increase the interest rate in the future decreases the value of collateral
leading to drops in both output and housing. Consequently, the value of collateral decreases again
giving rise to the so called “financial accelerator effect.” However, under low values of (, collateral
is minimally altered by interest rate changes leading to less of a reaction from macroeconomic
variables. In addition, forward guidance has asymmetric effects on the welfare of lenders and
borrowers when housing frictions increase. Lenders are better off because they consume more
rather than loan. However, borrowers cannot access as much credit as before, and thus, cannot
consume as much relative to the benchmark case. Lastly, financial frictions emanating from the
housing sector attenuate the effect of the ZLB. This result is observed when a recessionary shock
causes the economy to move to the ZLB. The central bank then issues communication such that the
future path of interests rates will be zero for L periods into the future. Forward guidance produces
a stimulative effect on output and inflation, but this effect is diminished when housing frictions
increase.

The present paper also suggests a solution for the “forward guidance puzzle” of Del Negro et
al. (2012). This phenomenon can be defined as standard DSGE macroeconomic models predicting
unbelievably large responses of macroeconomic variables to relatively small forward guidance shocks.
It should be noted that the paper of Del Negro et al. (2012) did not include financial frictions
emanating from the housing sector. However, we present evidence that macroeconomic variables
do not exhibit an unusually large response to forward guidance when housing frictions are allowed
to exist.

Robustness checks also provide additional takeaways and confirm our base results. First, if the

public perceives the central bank as less than fully credible in fulfilling their future interest rate



commitments, the effects of forward guidance are dampened. If the collateral of capitalists becomes
more valuable because the value of capital becomes as important as real estate, the effectiveness
of forward guidance also increases. Firms are able to finance more since capital becomes more
valuable as collateral. Finally, our results are robust when incorporating a time-varying LTV. The
differences between this robustness case and our benchmark impulse responses are found to be
trivial.

Overall, the results show that housing frictions can significantly influence the effectiveness of
forward guidance. The effects of forward guidance on macroeconomic variables are attenuated when
frictions emanating from the housing market increase. Thus, policymakers should consider housing

frictions when examining the effects of forward guidance on the economy.

1.1 Previous Literature

This paper is closely related to two strands of the literature. One strand studies impacts of financial
frictions on business cycles. Kiyotaki and Moore (1997) and Bernanke et al. (1999) document
that financial frictions introduce a wedge between lenders and borrowers that amplifies economic
fluctuations in macroeconomic models. Iacoviello (2005) and Liu et al. (2013) are two papers
most closely related to our paper. Iacoviello (2005) incorporates housing collateral constraints into
a DSGE model to study amplified and propagated effects of shocks. Liu et al. (2013) study a
positive co-movement between investment and housing prices using a DSGE model with collateral
constraints. Relative to these studies, the present paper attempts to measure the effectiveness of
forward guidance with housing collateral.

The other strand of the literature regards forward guidance. Eggertsson and Woodford (2003),
Kiley (2016), and Swanson (2018) study forward guidance at the ZLB. Campbell et al. (2019) find
that the efficacy of forward guidance varies depending on the time horizon. Chen, Curdia, and
Ferrero (2012) show that forward guidance can increase the positive benefits of large-scale asset
purchases. Jansen and Jia (2020) study forward guidance in response to the COVID-19 induced
recession.

Prior forward guidance literature has also focused on extreme responses of standard models to
forward guidance. The seminal papers by Del Negro et al. (2012) and Carlstrom et al. (2015)
show that standard macroeconomic models predict unusually large responses of macroeconomic

variables to forward guidance, the so called “forward guidance puzzle.” Bundick and Smith (2019)



show this large effect with a VAR model. De Graeve et al. (2014) study threshold-based forward
guidance in which guidance on future policy is tied to economic conditions. They find that this type
of forward guidance can attenuate the unrealistically large responses of macroeconomic variables
to forward guidance. Cole (2021) shows that a more realistic expectations formation assumed in
a macroeconomic model can help solve the forward guidance puzzle. Heterogeneous expectations
can also influence the effectiveness of forward guidance on the economy as shown in Andrade et
al. (2019). Haberis et al. (2019) and Cole and Martinez-Garcia (2021) focus on how central bank
credibility can alleviate the extreme responses predicted by macroeconomic models.

Another closely related paper is Cole (2020) who analyzes the effectiveness of forward guidance
with financial frictions depending on net worth of firms in light of Bernanke et al. (1999). Our
paper differs from Cole (2020) for several reasons. First, financial frictions in our paper are induced
from collateral constraints that are tied to housing prices, so the mechanisms of frictions are quite
different. Second, our paper analyzes the linkage between housing markets and monetary policy.
Recent papers document that housing markets are important source of economic fluctuations, so it
is imperative to measure the effectiveness of forward guidance with a housing sector (e.g., Iacoviello
and Neri, 2010; and Liu et al., 2013). Lastly, our paper explores the effect of forward guidance on
welfare of lenders and borrowers, while welfare analysis is abstracted from Cole (2020).

The organization of the paper is as follows. Section 2 describes the model. Section 3 lays out
choice of parameter values. Section 4 presents results. Sections 5 includes robustness checks while

Section 6 concludes. An appendix to the paper provides log-linearized model.

2 Model

The economy consists of four types of agents: households, capitalists, final-good firms, and intermediate-
goods firms. Households consume both final-good and housing services, save in the risk-free bond
market, and supply labor. Capitalists receive utility by consumption and do not supply labor.
They own all firms and require both internal funds and external borrowing for providing invest-
ment. Capitalists’ external financing capacity depends on the value of collateral which are their
holding of house and capital stock. Final-good firms buy intermediate goods in a competitive mar-
ket and produce final good. Intermediate-goods firms need labor, capital, and housing as input

to produce goods and introduce nominal price rigidities through their price setting strategy as in



Calvo (1983). There is a monetary authority in the model that conducts not only conventional
monetary policy but also forward guidance. Moreover, without nominal rigidities and monetary
policy, our model is similar to the model in Liu et al. (2016).! However, the forward guidance is
a salient feature in our model and it has substantial effects on the economy. In all other respects,
our model follows DSGE framework developed by Christiano et al. (2005) and Smets and Wouters
(2007).

2.1 Households

There exists a continuum of identical households. Each household chooses consumption, housing

service, labor, and savings every period to maximize the present discounted flow utility:

00 ll+x
max Eo » 3 <1og(0h,t —bepg—1) +Vloghpt — Xo 1t+ X) ; (1)
=0

where Ej is the expectation operator, cj; is household consumption, hj; is household holdings of
housing stocks, and [; is hours of work at time ¢. Parameters g € (0,1) is the subjective discount
factor of the household, b > 0 determines the habit persistence, 9 > 0 is the relative weight on
housing, xo > 0 denotes the relative weight on labor, and x > 0 is the inverse Frisch elasticity of
labor supply. For simplicity, we assume that consumption and housing service are separable as in
TIacoviello (2005).

The flow budget constraint each period is given by

Picnt + By + Qui(hng — hhg—1) = Ri—1Bi—1 + Wily, (2)

where P; is the aggregate price level, B; is nominal household savings, @5, ; denotes nominal housing
price, R; is the gross nominal interest rate, and W; is nominal wage at time .

Solving the household problem with real budget constraint yields the following first order con-

ditions:
1 Bb
Chit: A\ = —F , 3
ot ! Cht — bChi—1 tCh,t+1 —bept ®)
1 1

by : Ni— = BE N1 R 4
trMp BE 11 tPt+1’ (4)

U
Pt qnide = EeBanir1iXey1 + T (5)

it

LOur model is abstract from labor search and matching for simplicity.



ly : Mwy = X(J@(, (6)

where )\; denotes the Lagrangian multiplier on the budget constraint, by = %f is real household
savings, qp; = QI’%‘t denotes real housing price, and wy = %t is real wage. Equation (4) is a standard

intertemporal Euler equation and equation (6) is an intratemporal Euler equation. Rewriting (5)

yields the housing price:
1

) 7
Athit ™)

Ght = Eymygiqni +0

where my11 = )‘3\—1’1 denotes stochastic discount factor of the household. Notice that equation (7)
shows the current housing price is the expected infinite sum of discounted future value of “rent”. We
interpret the second term, ﬁﬁht, marginal rate of substitution between housing and consumption,

¢

as “rent” because it gives additional utility to home owners each period.

2.2 Capitalists

The economy is populated by a continuum of identical capitalists. At each time ¢, the representative

capitalist chooses consumption to maximize the expected present discounted value of utility flows,

max Ej Z AL log(cet — beCet—1), (8)
t=0

where c.; is capitalist’s consumption at time t. Parameters 5. € (0,1) denotes the subjective
discount factor and b, is the habit persistence of the capitalist. Initially, the capitalist is endowed
with housing stock h. 1 and capital stock k_; and has no debt. As all the firms are collectively
owned by capitalists in the economy, they invest and have to pay interest on borrowings. Firms
distribute returns from capital, housing and profits back to capitalists each period. The capitalist’s

flow budget constraint is thus:
Picey + Qni(het — hep—1) + Pely + Ri—1By—1 = By + PRy tki—1 + PRy theg—1 + 113, 9)

where h.; denotes capitalist’s holding of housing stock, I; is investment, B; denotes nominal bor-
rowings, Ry, is the capital rental rate, R ; is the housing rental rate, and II; is nominal profits
from firms at time t.

There is an investment adjustment cost. The law of motion for capital is thus:

2
ks = (1 — % (% — 1> ) I+ (1 —68)k—1, (10)



where § > 0 is the depreciation rate of capital and €2 determines the cost of adjusting investment.
The capitalist also faces a borrowing constraint in the spirit of Kiyotaki and Moore (1997). The
borrowing capacity of capitalist depends on a fraction of value of not only capital but also housing.
About 70% of commercial loans requires collateral and they mainly depend on tangible assets such

as real estate and equipment.? The credit constraint is given by:

1

1
By < (B | wiQnpr1hei— + woQri+1ki— | » (11)
Rt Rt

where Q)1+ is nominal price of capital, ¢ € (0,1) is a parameter which can be interpreted LTV, and
wi and wy are relative weight of housing and capital in the collateral value, respectively. When (
approaches to one, the capitalist can borrow as much as the value of the collateral meaning decrease
in financial frictions. On the other hand, as { approaches to zero, the capitalist cannot borrow at
all in spite of the collateral as it is not valuable. This implies that financial frictions are increased.
As it is common in the literature, we also assume that § > . to make equation (11) to bind.
Solving the capitalist problem subject to (9), (10), and (11) in real terms yields the following

first order conditions:

1 bcﬁc
ct i Af = - F , 12
Coit ! Cet — bccc,t—l th,t—&—l - bccqt ( )
1
bt A= Ey <Bc)‘§+1Rt—> + v, (13)
Tt4+1

c c Ti+1
her: ANant = Ex [ﬁc)\tﬂ (Rn,t+1 + Q1) + veCwign i1 ?t} , (14)

c Tt4+1
ki : pe = Ey [5(; (Afp1Re 1 + peg1(1 = 6)) + viCwagr, i1 Tt] ; (15)

Q[ I ? Iy I I I
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v { 2 (It_l ) (It_l ) T e G T

(16)

where A{ is the Lagrangian multiplier for (9), m; is gross inflation rate, 14 is the Lagrangian multiplier
for (11), p; is the Lagrangian multiplier for (10), and g5 = ’;\—% is real shadow price of capital
(Tobin’s q) at time ¢. Equation (14) shows that the present housing price is determined by expected
discounted future return of housing and its price plus housing price as a collateral. Other equations
are fairly standard. Equation (12) is a marginal utility of capitalist’s consumption; equation (15)

is the capital Euler equation; and equation (16) is the investment Euler equation that makes the

marginal benefit of new capital equals to the marginal cost of investment.

“Berger and Udell (1990) and the Flow-of-Funds by the FRB.



2.3 Final-goods Firms

A perfectly competitive final goods sector aggregates intermediate goods using a CES production

function
1+60

1 1
v ([ winroar) (1)
0
where Y; is the quantity of the final goods, y:(f) is an intermediate good of firm f, and 6 > 0 is
the steady state markup. Each final good producing firm maximizes its profit given the production
function (17) and the prices of intermediate and final goods. An intermediate goods producing firm
f accordingly faces a downward-sloping demand curve
1+6
P(f)\ &
win=(22) v (19)
t
—0
where P; = (fol Pt(f)fédf> is the CES aggregate price of final goods and P;(f) is the interme-

diate goods price.

2.4 Intermediate-goods Firms

The economy also contains a continuum of intermediate goods firms indexed by f € [0, 1]. They sell
slightly differentiated goods under monopolistic competition. Firms produce output using housing,

capital, and labor as inputs. The production function is given by
A
ue(F) = Ar (oo (Dkea (N)'70) ()7 (19)
where A; is total factor productivity and k¢(f), het(f) and l;(f) are firm f’s capital, housing, and
labor inputs, respectively. The parameters n € (0,1) and ¢ € (0,1) denote the elasticity of output
with respect to labor and housing, respectively.

Total factor productivity follows an AR(1) process in logs,
log Ay = palog Ay + €7 (20)

where pa € (0,1], and &f* is drawn from an i.i.d. white noise process with zero mean and variance

23
O-Au

3For simplicity, we assume that the steady state growth rate of technology is zero since the aggregate housing
supply is fixed in the model economy.



Cost minimization problem yields the following first-order conditions for capital, housing, and

labor:

ke1(f): Rf = t]gtf) [

S

a() ) A = hesa (P (1) 7]
(21)

hc,tfl (f)
f)%tl(f)l—d’)"zt(f)%hc,t1(f)¢—1kt1(f>1‘¢} (22)

hc,tfl(f) : R?

-2

1-n

(L —mn)A (
(1—n)A (hc,tfl
() w =20, (| 29

where ¢.(f) is the Lagrange multiplier of the cost minimization problem. Equation (21) shows

(
Ay (hc,t—l(f)¢kt—1(f)1_¢)

that rental rate of capital equals to marginal production of capital multiplied by real marginal
cost; equation (22) displays that rental rate of housing equals to marginal benefit of purchasing
one additional unit of housing multiplied by real marginal cost; and equation (23) means that real
wage equals to marginal benefit of an additional work hour multiplied by real marginal cost.

Dividing (21) by (22), (22) by (23), and (23) by (21) yield the housing-capital, the labor-housing,
and the capital-labor ratios, respectively:

Rf _ 1— d)Hc,tfl

Be _1-¢ , 24
R ¢ Kia (24)
R_? _ (1 —n) L (25)
wy n  Heyiq’
wy Ul K (26)

Rf (-9 -n) L
where H.; is the aggregate housing of the capitalist, K; is the aggregate capital stock, and L; is

the aggregate quantity of labor. The ratios are common across firms because they face the same

rental rates. As a result, the demand functions for capital, housing, and labor are:

H.,_ #(1-n) L n
k ct—1 t
— MCy(1— ¢)(1 — :
RE =M -0 - (FE2) T () @)
K1 1-¢(1-n) L \"
Rl'= MCyp(1 —n)A 9
! wo(1 =) t<Hc,t—l> K1)’ (28)
Hct—l ¢(1=m) Kt—l 1=n
=M A ’ 9
wy CinAy < from ) I, , (29)
(1-¢)(1—n) $(1-m) 1- gy (1=@)(1=n) ¢ ppyo(1=m)
where MC; = ‘% = (ﬁ) ! (é) ! <1T177> n(%)n (8t) At(Rt) ‘ denotes

the real marginal cost at time t.



Each intermediate goods firm also sets the new contract price P;(f) to maximize the firm’s
lifetime profit in a staggered fashion: only a fraction, 1 — &, of firms are able to adjust its price
optimally each period, while the remaining firms fix their prices over the life of the contract. Hence,

the real value of the firm is given by:

max E; Z mf i (Pe/Pryi)& [Pi(fyers (F) — MCP(Fyers ()] (30)
t ]:0

where mg, ;= nglmf ; is the stochastic discount factor of the capitalist from period ¢ to t + j,
and MCJ'(f) is firm-specific nominal marginal cost.
The first order necessary condition of (30) with respect to P(f) yields the optimal price which
is given by:
% e, EMCyymd Yoy
Ppi(f) = (L4+0)Ee D> 2 0mi, ;8 : t4+5 gy Tt+j (31)

oo c j 0 .
B momi 87 Vet

where p;(f) = P/(f)/P:. Note that the optimal price pj(f) is a markup over a weighted average

of current and expected future marginal costs.

2.5 Monetary Policy

Monetary policy is conducted by a la Taylor rule with interest-rate smoothing as well as forward

guidance shocks. In log-linearized form, the nominal interest rate is given by?

L
Rt = piRt—l + (1 — ,OZ') (gf)ﬂﬁ't + Qf)y?vt) + 61]5\/[P + Zeftc—l (32)
=1

where p; € (0, 1) is the smoothing parameter, ¢ > 0 is the feedback coefficient on inflation, ¢, > 0
is the feedback coefficient on output gap, and €/ denotes unanticipated monetary policy shock.
Ef tG—l is forward guidance shock and is defined as a central bank promise in period ¢ — [ to change
the interest rates [ periods later, i.e., period t. (e.g., Laséen and Svensson, 2011; Del Negro et
al., 2012; and Cole, 2021). Each forward guidance shock follows an i.i.d. process and L denotes

the length of the forward guidance horizon. Moreover, the reason for considering forward guidance

shock in this way is to circumvent the indeterminacy problem.?

4The “~” denotes log deviations from steady-state. Note that interest rates are already percentages so we leave
it as in absolute deviations.
®See Honkapohja and Mitra (2005), Woodford (2005), and Cole (2020) for more details.
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The system of equations is also augmented with the following:

Vi = U241+ 5{:?, (33)
U2t = U3t-1+ 55:?7 (34)
vLt = 55? (35)
The vector vy = [v14,V24,. ..,V L,t]/ contains all forward guidance information communicated in the
past (v;_1) and present (¢]'¢ = [eftG, sgf, . ,55?],). Moreover, equations (33) - (35) can together

be rewritten to show that vy ;1 = Elel éfjtfl, which is the last term in equation (32).

2.6 Resource Constraint and Market Clearing Conditions

Combining the downward sloping demand curve and the production function yields the aggregate
output equation:
— AN
Yi= o7t (B K1) L (36)

_1+6
where A\; = fol <%tf)> ’ df denotes the cross-sectional price dispersion.

The market clearing condition for the final good in a competitive equilibrium implies:
Y = Chi+ Cep+ I + 1, (37)

where (), is the aggregate consumption of the household, C.; is the aggregate consumption of
the capitalist, and € denotes demand shock which follows an AR(1) process with pg; and ¢4. The

market clearing condition for housing sector is given by:

Hpy+Her =H (38)

where Hj,; is the aggregate housing demand of the household and H.; is the aggregate housing
demand of the capitalist. Following Iacoviello (2005) and Liu et al., (2013), we assume that the

aggregate housing supply is fixed at unitary.

2.7 Welfare Analysis

We can expect that the forward guidance shock together with housing collateral affects differently

the wealth distribution of lenders and borrowers. To better understand this issue, we will conduct

11



a welfare analysis. We construct a household’s welfare metric as the present discounted value of
household utility:

1
[hhx

o0
V=B B |log(chirj — benpyj1) +91oghn sy — Xo 1th , (39)
j=0

where V" denotes welfare of the household. This can be written in a first-order recursive form:

l1+x
V" =log(cn,y — beng—1) + 9 log hpy — xo= N + BEVYY . (40)

1+

Similarly, capitalist’s welfare can be defined as the present discounted value of capitalist utility:

Vi =E Z Bl1og(cet+j = beCetrj—1)
=0 (41)

=log(cet = beceg—1) + BBV,
where V/¢ is welfare of the capitalist. We use these two welfare measures to analyze the impact of

forward guidance to each economic agent associated with housing collateral.

3 Parameterization

The choice of parameter values for the model is presented in Table 1. The model includes thirty-
seven parameters. Seven parameters (U, B¢, be, (, wi, we, and ¢), are linked to housing sector,

FG _FG FG
1 502

thirteen parameters (o ,... 019" and L) are related to forward guidance, and the remaining

seventeen parameters are conventional parameters in the literature.

We start with the traditional parameters. The household’s discount factor, (5, is set to 0.9925
implying 3 percent of real interest rate in the nonstochastic steady state. The persistence of habit
of the household, b, is calibrated to 0.5, consistent with the estimate in Liu et al. (2013). The
household’s relative utility weight of labor, o, is set to normalize labor to one in steady state. The
labor margin, Y, is set to 3, which corresponds to a Frisch elasticity of labor supply of 1/3 that is
about in line with the estimate in Del Negro et al. (2015).

Our choice of the production sector is also standard. The elasticity of output with respect to
labor, 7, is set to 0.6. We calibrate depreciation rate to 0.025, implying a depreciation of 10 percent
per year, consistent with the estimate in King and Rebelo (1999). We set the steady state markup,
(1+86), to 1.1 as in Smets and Wouters (2007). The Calvo contract parameter, £, is chosen to be

0.65 to match autocorrelation of inflation in the data. The persistence of technology and demand

12



shocks, pa and pg, respectively, are chosen to be 0.95, implying stationary processes. The standard
deviations of technology and demand shocks, o4 and o4, respectively, are set to 1 percent.

Monetary policy includes both standard and nonstandard parameters. The smoothing parame-
ter, p;, is set to 0.7, the feedback coefficient on inflation, ¢, is set to 1.5, and the feedback coefficient
on output gap, ¢y, is calibrated to 0.1. The standard deviation of unexpected monetary shock,
Om, 18 set to 1 percent which is the same size as the technology shock. The length of forward
guidance, L, is chosen to 12, consistent with empirical time-contingent forward guidance by the
Federal Reserve in September 2012.5 The size of each forward guidance shock is set to 1 percent
as the unexpected monetary policy shock.

Turning to the parameters related with housing sector, we use estimates from Liu et al. (2013).
We set the capitalist’s discount factor, f., to 0.945. The credit constraint (11) thus binds as the
capitalist’s discount factor is smaller than the household’s discount factor. The capitalist’s habit
persistence, b., is set to 0.65 meaning that the capitalist depends on the past consumption level
more than that of the household. The LTV, (, is calibrated to 0.8 which implies that the capitalist
can borrow up to 80% of the collateral value. The relative weight on housing value in the collateral
constraint, wi, is normalized to 1 and the weight on capital value, ws, is set to 0.1. The elasticity
of investment adjustment cost, €2, is calibrated to 0.1753. This value is relatively smaller than its
typical estimates of 2 to 3 (e.g., Justiniano et al., 2010). It is, however, necessary to have a small
adjustment cost parameter to match volatility of investment. This small value is also consistent
with the minor role of capital in the collateral value. Lastly, the elasticity of output with respect
to house, ¢, is set to 0.07.

We provide additional justification for our chosen model. Table 2 displays the autocorrelations
up to three lags of the following macroeconomic variables: output (Y), consumption (C), investment
(I), housing price (qn), wages (w), labor (L), inflation (7), nominal interest rate (R), and real
interest rate (r). We compute these statistics from U.S. data across the time period 1948:Q1 -
2008:Q4 (top panel of Table 2). The data are retrieved from Bureau of Economic Analysis as well
as Robert Shiller’s website.” All series are HP filtered except for inflation and interest rates. The

counterparts from our model described in Section 2 are also reported in the bottom panel of Table

S“the Committee also decided today to keep the target range for the federal funds rate at 0-0.25% and currently
anticipates that exceptionally low levels for the federal funds rate are likely to be warranted at least through mid-2015"
(Federal Reserve, 2012).

"http://www.econ.yale.edu/ shiller /data.htm
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2. The results show that the model does a reasonable job of matching the data. The sign of the
autocorrelations from our model match entirely the counterparts from the data. The persistence

of variables generated by the model also are similar to those derived from U.S. data overall.

4 Results

4.1 Impulse Responses

We proceed with our main analysis examining the influence of housing frictions on the effectiveness
of forward guidance. Figures 1 - 6 display the responses of select macroeconomic variables to a one
standard deviation increase in the unanticipated monetary policy, four, eight, and twelve periods
ahead forward guidance shocks. The solid line denotes our benchmark case of housing frictions,
i.e., ¢ =0.8. The dashed line represents increased financial frictions, (i.e., ¢ = 0.0001) in which the
borrowing of capitalists is constrained as collateral is not valuable.®

The benchmark case of ( = 0.8 shows the effects of forward guidance on macroeconomic vari-
ables. When the central bank announces that the interest rate will increase four, eight, or twelve
periods into the future, Figures 1 and 3 display that output, inflation, and investment all initially
decline. Households substitute away from consumption into more housing (displayed in Figures 2
and 4), while capitalists decrease investment with the higher interest rate. Consequently, output
and inflation overall decrease in response to an adverse forward guidance shock. Finally, output,
inflation, and investment all decrease again around the time when the forward guidance shock is
realized on the economy.

Housing variables also have similar intuitive responses to forward guidance statements. To
understand these effects, it is helpful to first examine the responses to an unanticipated monetary
policy shock (i.e., first column in Figures 2 and 4). When the interest rate increases, the value of
collateral decreases as seen by equation (11). Accordingly, borrowing of capitalists decreases causing
investment and output to drop. Given the decrease in output, housing demand from intermediate
goods firms reduces along with housing prices. This result further decreases the value of collateral.
Consequently, capitalists are further constrained in their borrowing generating a deeper economic

downturn and giving rise to the so called “financial accelerator” effect. In addition, households

8The reason why we represent the increased financial frictions case with ¢ = 0.0001 instead of ¢ = 0 is as follows.
Since the model is log-linearized, setting ¢ to zero would imply no borrowing but lending could still exist. Thus, for
illustrative purposes, we denote the increased financial frictions case by setting the LTV ratio to 0.0001. Section 5.3
also provides an exercise when the LTV ratio varies by time.
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increase their holdings of housing services due to the decreases in housing prices from the accelerator
mechanism. Thus, H}, increases while both H. and g, decline.

The financial accelerator reasoning can then be provided for the effects of forward guidance
shocks on housing variables. Knowledge that future interest rates will increase causes the value of
collateral to drop. Similar to the previous paragraph, an increase in borrowing constrained firms
leads to a decline in output and house prices before the change in the interest rate is realized. The
decrease in home prices further causes capitalists’ value of collateral to decrease resulting in the
financial accelerator effect.

What occurs if financial frictions regarding housing increase? The dashed lines in Figures 1 - 4
show the effects of forward guidance are dampened. The responses of the macroeconomic variables
to forward guidance shocks four, eight, and twelve periods ahead display the same initial sign as
the ¢ = 0.8 case, but do not react as strongly. For instance, output, inflation, and investment
decline upon announcement that the interest rate will increase in the future. However, the reaction
is muted when financial frictions in the housing market increase. The reason for this can be due
to a constrained financial accelerator mechanism. When ( is set to 0.0001, borrowing already
reached its minimum value (or very close to zero). The capitalist can only use their internal funds
for activities, and thus, the accelerator mechanism is restricted. Increases in interest rate would
minimally alter, if at all, the collateral constraint. Therefore, the responses of macroeconomic and
housing variables are much attenuated.

Similar results occur when examining housing market variables. As in the benchmark scenario,
the response of capitalist’s housing initially is negative. However, since they are constrained in their
borrowing, the capitalist cannot borrow as much (household lending is less under the sufficiently
tight credit constraint than the benchmark case). Consequently, the capitalist’s holdings of housing
does not initially change a lot implying the same for household’s holdings of housing.”

We also analyze the effects of forward guidance on welfare of households and capitalists. Under
the baseline scenario of ¢ = 0.8 (solid line), Figures 5 and 6 show increases in both the welfare
of households and capitalists. Figures 5 and 6 display that the welfare of households rises at the
beginning, but it turns to a negative response after four, eight, and twelve periods, respectively.

The reason regards the response of the interest rate. In Figures 1 and 3, the interest rate (slightly)

9We also analyzed the ¢ = 1 case, that is, a looser housing credit constraint. Our benchmark takeaway is still
confirmed: the effectiveness of forward guidance shock is attenuated when housing frictions are increased.
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declines before the monetary authority actually increases the interest rate. As a result, households
reduce lending and consume more housing increasing households’ welfare (see equation (40)). After
the interest rate actually rises, households have an incentive to lend more, reducing both their
nonhousing consumption and housing consumption. Accordingly, after the four, eight, and twelve
periods, the welfare of households turns negative. On the other hand, capitalists hold less housing
because of the increase in interest rates from the forward guidance shock and the credit constraint
as can be seen in Figures 2 and 4. Investment also decreases in the model due to news that interest
rate will increase in the future.'® With capitalists holding less housing and investment, consumption
rises leading to increases in capitalists’ welfare as shown in equation (41).1!

This result can be also due to changes in expectations of future welfare displayed in Figures 7 and
8. With news of interest rates increasing in the future, households switch away from consumption
towards more holdings of housing today and expect more future housing and consumption due
to savings from expected higher interest rate. Consequently, the welfare of households enlarges
via current housing and expectations of future welfare as seen by equation (40). In addition,
with capitalists expecting higher holdings of housing by households in the future, the income of
capitalists increases given their budget constraint and increases future consumption which increases
future welfare. This increase in future welfare increases current welfare as seen in equation (41).

The effects of forward guidance on welfare, however, are asymmetric between households and
capitalists when financial frictions are exacerbated. For households, their welfare is higher with
increased financial frictions (¢ = 0.0001). The dashed line is above the solid line in the top rows in
Figures 5 and 6. When the credit channel is constrained, households do not provide as much funds
to capitalists resulting in more consumption of both nonhousing goods and housing. This leads to
the increase in the welfare of households as seen in equation (40). However, the welfare of capitalists
is less when financial frictions are exacerbated. Under this scenario, capitalists cannot depend on
external financing. Hence, consumption of capitalists decreases more which decreases the welfare
of capitalists further. Their expected welfare is also not as large relative to the ¢ = 0.8 case as
capitalists expect households not to hold as much housing in the future. The dashed line is below

solid line in Figures 7 and 8). Since capitalists expect households not to hold as much housing,

Our model generates positive co-movements between housing price and investment since the collateral constraint
is on firms rather than households (e.g., Liu et al., 2013). However, when households are credit constrained, models
can generate positive co-movements between housing price and consumption but it is hard to produce positive co-
movements between housing price and investment (e.g., Iacoviello and Neri, 2010).

1The increase is relatively small due to high amounts of persistence in habits in consumption.
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the former’s expected income decreases resulting in less consumption. This outcome results in less
future and current welfare as seen by equation (41).

The main results also provide a solution to the “forward guidance puzzle” as laid out by Del
Negro et al. (2012). The previous phenomenon can be described as extreme responses (relative to
the data) of the macroeconomic variables to forward guidance. Under the model utilized in Del
Negro et al. (2012), frictions emanating from the housing market were not considered. However, in
the present paper, Figures 1 - 8 show that the responses of the macroeconomic variables to forward
guidance are muted if housing frictions are assumed. Thus, housing market frictions can be another

solution to the forward guidance puzzle.

4.2 Constant Interest Rate

The Federal Reserve kept the federal funds rate at its lowest level in response to the 2007 - 2009
Great Recession and COVID-19 induced recession. In this section, we explore how the ZLB affects
an economy with the housing frictions. To this end, we proceed in the following manner. A
recession is generated by a negative technology shock in time period 7'+ 1. In the first scenario,
the central bank communicates to the public that the interest rate will be at zero in period T+ 1
and L periods into the future. Computationally, we choose the unanticipated monetary policy and
forward guidance shocks (i.e., €], Ei tG, 55 th e Eff) such that the interest rate equals zero in the
current period and L periods into the future. The second scenario, generates the same recession,
but the central bank does not implement any policy to keep the interest rate at zero. Finally, we
calculate the difference between the two scenarios to obtain the pure effect of the central bank’s
forward guidance policy on the economy.

The solid lines in Figures 9, 10, and 11 show the stimulative effects of forward guidance under
benchmark housing frictions. When the negative supply side shock hits the economy, output
decreases but inflation increases (similar to Figure 15). According to the Taylor rule, this implies
the nominal interest rate must increase. However, since the central bank promises a relatively
lower interest rate at the ZLB, inflation increases. The Fisher equation also indicates that the
higher inflation rate while nominal interest rate is fixed at zero leads to decrease in the real interest
rate. Consequently, investment and output increase. With the higher output, both consumption
of households and capitalists increase. As output increases, capitalists’ housing increases because

production sector demands more housing to produce more which pushes housing price upward.
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Accordingly, households cannot hold housing as much as before.

Frictions emanating from the housing sector, however, attenuate the beneficial effects of forward
guidance. This result is specifically observed in the beginnings of the forward guidance period. Since
capitalists are constrained in their borrowing, the dashed line is below the solid line in the bottom
panel of Figure 10. Therefore, investment is diminished with higher housing frictions. This prior
result causes output and inflation to be lower under { = 0.0001 than 0.8. Consequently, forward
guidance is not as powerful at the ZLB when housing sector frictions are exacerbated.

Overall, financial frictions emanating from the housing market dampen the effectiveness of
forward guidance on the economy. Under an empirically motivated LTV ratio, that is, existence of
some financial frictions in the economy, the impulse responses of the macroeconomic variables (e.g.,
output, inflation, investment, and household lending) to forward guidance react strongly. However,
when financial frictions are exacerbated, the responses are muted. Similar results are observed when
the economy is at the ZLB for an extended period of time. Thus, policymakers should take into
account the dynamics of financial frictions emanating from the housing market when examining

forward guidance effects.

5 Robustness

5.1 Imperfect Central Bank Credibility

The credibility of the central bank plays a very important role for forward guidance to effectively
work. In the benchmark model, we assumed that all economic agents completely trust the central
bank’s announcements about the future interest rate. However, if agents harbor doubts that the
monetary authority will renege on its future interest rate statements, the predicated economic
effects could be muted.!?

We proceed to analyze the effects of central bank credibility on forward guidance with housing
frictions in the following manner. Following Sims and Wu (2021), we modify the (log-linearized)

monetary policy of the central bank as follows:
L
Ry =pili1+ (1—p;) (qbnfrt + qzbth) +eMP ) e (42)
=1

where v € [0,1] is an empirically motivated measure of the credibility of forward guidance an-

nouncements. v = 1 means that all economic agents completely trust announcements of the central

12Cole and Martinez-Garcia (2021) analyze credibility and forward guidance, but without a housing sector.

18



bank for future monetary policy. On the other hand, as this value approaches zero, no one trusts
the central bank. Therefore, forward guidance has no effect on the economy. The benchmark case
in Section 4 corresponds to the case where 7 is set to 1 (i.e., solid line in Figure 12). For illustrative
purposes, we compare the results with the case where ~ is set to 0.5 (i.e., dashed line in Figure 12),
meaning the economic agents trust the forward guidance announcements for 50%.

The results show a dampening effect of forward guidance on the economy with a less than fully
credible monetary authority. As displayed in Figure 12, a promise to increase the interest rate
in the future has a more muted effect on the macroeconomic variables. For instance, output and
inflation decrease less under an imperfectly credible central bank than fully credible central bank
(overall, dashed line is above solid line in first two rows of Figure 12). The initial impact on the

housing of households and capitalists are also less under v = 0.5 than v = 1.

5.2 Alternative Parameterization for the Credit Constraint

The value of collateral depends mostly on real estate when firms want to get external financing.
Indeed, some studies do not even consider capital at all in credit constraints (e.g., Iacoviello, 2005;
and Jacoviello and Neri, 2010). We fixed the weight of capital to 0.1 when the weight of housing
as collateral is normalized to 1 as in the estimates in Liu et al. (2016). However, there can exist
cases where capital contributes more to the value of a firm’s collateral (e.g., expensive machines
and instruments).

This subsection examines the effectiveness of forward guidance when the value of capital as
collateral becomes as important as real estate. We set ws to 1 in the credit constraint and perform
impulse response analyses to eight and twelve period ahead forward guidance shocks. The results
are displayed in Figure 13 with the solid line representing our benchmark case and dashed line
denoting wy = 1.

We find that the effectiveness of forward guidance is enhanced when wy = 1. For instance,
output shows a greater response to forward guidance news relative to the benchmark case. The
dashed line, overall, is below the solid line in Figure 13. Under wo = 1, firms are able to finance
more since capital increases in value. By applying this previous logic to interest rates expecting to
increase, capitalists decrease their investment more by further utilizing financial markets. In other

words, the results are similar to the case when the LTV is increased.
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5.3 Time-Varying Loan to Value

Prior literature finds that financial shocks are important in accounting for economic fluctuations
(e.g., Nolan and Thoenissen, 2009; Jermann and Quadrini, 2012; and Liu et al., 2013). Therefore,

we consider a credit shock by incorporating time-varying LTV as follows:

1 1
By < GEy | w1Qnty1het— + woQpir1ki— | (43)
Rt Rt

where (; follows an exogenous AR(1) process:
InG = (1—po)In¢ + penGey + 5, (44)

¢ is the nonstochastic steady state vaule of LTV ratio, pc € (—1,1) is the persistence parameter,
and 8§ is an 7¢d shock with mean zero and variance 05.13 Not surprisingly, Figure 14 shows that
the difference between impulse responses of benchmark model and the model with the time-varying

LTV is very trivial.'* We find that the time-varying LTV does not change our results dramatically.

6 Conclusion

Monetary policy and housing markets have been historically linked. For instance, the Federal
Reserve’s easy monetary policy, arguably, created a housing market bubble causing the 2007-2009
global financial crisis. The U.S. central bank responded to the recession by lowering U.S. short-term
interest rates to its ZLB and issuing forward guidance on the future course of policy. In this paper,
we analyze this link between ZLB, forward guidance, and housing markets.

The results of our paper produce a number of findings. First, housing frictions dampen the
effectiveness of forward guidance on the economy. For example, when the central bank announces
that the interest rate will increase in the future, the impulse responses of output and inflation
are diminished with an increase in housing frictions. Forward guidance has asymmetric effects
on the welfare of households and capitalists depending on the degree of housing frictions. When
the monetary authority promises to increase interest rates in the future, the welfare of households
is higher under more frictions than not. Since households are more constrained in lending with

the sufficiently tight credit constraint, they consume more leading to higher welfare. However,

13Following Liu et al. (2016), we set pc = 0.96. To be consistent with other standard deviations of our paper, o¢
is fixed to 0.01.

“We do not report impulse responses of the credit shock as we focus on the effect of forward guidance shock.
Results are available upon request.
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capitalists cannot borrow as much when financial frictions from housing sector are exacerbated.
Their welfare is then lower under ¢ = 0.0001 than ¢ = 0.8. In addition, housing frictions attenuate
the beneficial effects of forward guidance at the ZLB. When conventional policy of changing current
interest rates is constrained by the ZLB, central bank communication that the interest rate will
remain at zero for L periods into the future produces beneficial effects on the economy. However, as
the value of capitalists’ collateral decreases (i.e., increase in housing frictions), the positive forward
guidance effects are muted. Overall, policymakers should consider housing frictions when examining

the effects of forward guidance on the economy.
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Appendix

A Tables
Table 1: Parameter Values
Parameters Descriptions Value
Household
B Discount rate of household 0.9925
b Habit persistence of household 0.5
9 Relative utility weight of housing 0.0457
X0 Relative utility weight of labor LZ—G% (LX) (%) '
X Labor margin 3
Capitalist
Be Discount rate of capitalist 0.945
b Habit persistence of capitalist 0.65
¢ Loan to value 0.8
Q Elasticity of investment adjustment cost 0.1753
w1 Weight on housing value 1
w9 Weight on capiatl value 0.1
Production Firms
n Labor share 0.6
10) Housing share 0.07
1) Depreciation rate 0.025
£ Calvo parameter 0.65
0 Monopolistic markup 0.1
Monetary Authority
Di Smoothing parameter of monetary policy 0.7
o Response of monetary policy to inflation 1.5
Oy Response of monetary policy to output 0.1
Om Standard deviation of unexpected monetary policy shock 0.01
UlF G Standard deviation of forward guidance shock 0.01
L Length of the forward guidance horizon 12
Shock Processes
PA Persistence of technology shock 0.95
oA Standard deviation of technology shock 0.01
Pd Persistence of demand shock 0.95
o4 Standard deviation of demand shock 0.01
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Table 2: Autocorrelations of Select Macroeconomic Variables

Lag Y c I an w L T R r

U.S. Data: 1948:Q1-2008:Q4

1 0.812 0.848 0.724 0.949 0.732 0.899 0.78 0.932 0.736

2 0.569 0.664 0.541 0.865 0.498 0.693 0.693 0.882 0.608

3 10282 0454 0.288 0.754 0.34 0.444 0.623 0.86 0.529
Model-Implied Data

1 082 0.8 079 0.79 058 0.78 0.70 0.64 0.61

2 0.51 0.6 043 056 031 059 051 037 037

3 0.19 0.34 0.07 0.3 0.04 0.33 0.3 0.12 0.16
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Figure 1: Impulse Responses of Macroeconomic Variables to Unanticipated Monetary Policy and

Four Periods Ahead Forward Guidance Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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Figure 2: Impulse Responses of Housing Variables to Unanticipated Monetary Policy and Four
Periods Ahead Forward Guidance Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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Figure 5: Impulse Responses of Household and Capitalist Welfare to Unanticipated Monetary
Policy and Four Periods Ahead Forward Guidance Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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Figure 6: Impulse Responses of Household and Capitalist Welfare to Eight and Twelve Periods
Ahead Forward Guidance Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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Figure 8: Impulse Responses of Household and Capitalist Expected Welfare to Eight and Twelve
Periods Ahead Forward Guidance Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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Figure 9: The Effect of Forward Guidance and ZLB on Macroeconomic Variables during a Recession

Note: This graph shows the path of the macroeconomic variables when a recession exists
and the central bank communicates that the nominal interest rate will equal zero now and L
periods into the future. Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line:

¢ = 0.0001 (Increased Housing Financial Frictions)
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Figure 10: The Effect of Forward Guidance and ZLB on Housing Variables during a Recession

Note: This graph shows the path of the macroeconomic variables when a recession exists
and the central bank communicates that the nominal interest rate will equal zero now and L
periods into the future. Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line:
¢ = 0.0001 (Increased Housing Financial Frictions)
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Figure 11: The Effect of Forward Guidance and ZLB on Household and Capitalist Welfare during
a Recession

Note: This graph shows the path of the macroeconomic variables when a recession exists
and the central bank communicates that the nominal interest rate will equal zero now and L
periods into the future. Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line:
¢ = 0.0001 (Increased Housing Financial Frictions)
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Figure 12: Impulse Responses of Variables to Eight and Twelve Periods Ahead Forward Guidance

Shocks Under Perfect and Imperfect Central Bank Credibility
Note: Solid Line: v = 1 (Perfect Central Bank Credibility); Dashed Line: v = 0.5 (Imper-

fect Central Bank Credibility)
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Figure 13: Impulse Responses of Variables to Eight and Twelve Periods Ahead Forward Guidance
Shocks Under Benchmark and Alternative Parameterizations for the Credit Constraint

Note: Solid Line: wy = 0.1 (Benchmark Parameterization, Capital Contributes Less to the
Value of Firm’s Collateral); Dashed Line: wo = 1 (Alternative Parameterization, Capital
Contributes More to the Value of Firm’s Collateral)
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Figure 14: Impulse Responses of Variables to Eight and Twelve Periods Ahead Forward Guidance
Shocks Under Benchmark and Time-Varying Loan-to-Value Ratios

Note: Solid Line: ( =
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Figure 15: Impulse Responses of Macroeconomic Variables to Total Factor Productivity and
Demand Shocks

Note: Solid Line: ¢ = 0.8 (Decreased Housing Financial Frictions); Dashed Line: ¢ = 0.0001
(Increased Housing Financial Frictions)
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C Log-linearization

We use the hat notation to denote percentage deviations; £y = - where z denotes nonstochastic
steady state value of variable x;. Please note that interest rates are already percentages so we leave
it as in absolute deviations. Lastly, we assume that % ~ 1.

) —1 R ) R )
M=————— [(Chy —bChi_1) — bB(EC —bC 45
AT =09) (Ch,t hyi—1) = bB(EtCht+1 hot) (45)
M = Eheg1 + 7y (46)
it = Ry — Eyftri (47)
A+ = xLy (48)
9

3 A BAGh 2 . o, A

At + qnt = m& (/\t+1 + Qh,t—i-l) - B 1 %Hh,t (49)

CoCost Heqn(Hep—Hey 1)+ K Ii47b {ftfl + l;tfl} = bby+ R K (Rk,t + Kvtfl)‘*'Rth <Rh,t + ffc,tq)
(50)

5 wiqnHe . ~ . wo KK . A
AL ST VA A W, S VA S B
¢ I + o K tdht+1 + et — Tt ) + L & oK tqkt+1 T L8 — Tt (51)

. -1 . . . .
§ = c,t — Oclet—1) — OcPe E c — 0cle :| 2
N = oA [(Cot = beCot1) = boBel BeCotin = beCo) (52)
2 Bc)\c ( N ~ 1% N
c_ _ret (p5e ) v
)\t BCAC + U tAt-i—l + rt + BCAC + Vl/t (53)
1 ~ 1 c ic 0 c e ~ ~ ~ A
5+ g = By [BX By (M + Ruen ) + BN (M + ) + vCora (70 + s — 1)
(54)
where 11 = B (Ry + qn) + vCwiqn.
. 1 ¢ e - . A .
iy = EEt [@:)\ Ry, <>\t+1 + Rk,t+1) + Be(1 = 6) g1 + v¢wa (D¢ + Qg1 — Tt)} (55)
where 12 = e (A°Ri + 1 (1 = 9)) + viwo.

N = iy —Q ((ft - ft—l) — Be (Etjt-i-l - ft)) (56)
Ky=0—-8K;_1+46I (57)
Grt = fir — Af (58)
pr =2 — 2] (59)

an e 1 c yc r ¥ c_-+% n yc 1+0
AN = o7 [)\ Y<)‘t+MCt+Yt) +EBAT T 2 E, ()‘t+l+
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where 91 = Y + €8\ 0 2™

1 . A 1
2N = o, [)\CY <)\§ - Yt) + EB Ao 2 </\§+1 + g+ 25@1)} (61)
Bo = AV + EB Nmo 27,
1
R 1-¢&)m o kA
PO Chul 1L B S (62)
(I—=&m o +¢

Ry =MCy+ Ay + ¢(1 — n)Hey—1 — (6(1 —n) + 1) Ki—1 + 1L (63)
Ryp=MCi+ A+ (1 - ¢)(1 —n)Ki1 — (1 — ¢(1 = n)) Hey1 + 0Ly (64)
W = MCy+ A+ ¢(1 =) Hep 1+ (1= ¢) (1 —n)Ke1 — (1 —n) Ly (65)
(66)

(67)

Vi=—Ar+ A+ ¢(1 —n)Hey 1+ (1 — ¢)(1 — ) K1 + nly 66
At = PAAt + 624 67
A 1+6 A "
ANy =— T (1 - 5) (pt) + fAt—l (68)
A . A L
B = piltey + (1= pg) (6n+ 0y%7) + 2017 + 3 6fC, (69)
=1
- Cha Con T
Vi = Chi+ 5 Cos i + el (70)
Hy, - H, .
0= —"Hp, 4+ —<H, 71
77 et + 77 et (71)
A 1 1 N A N “ R
Vit = — = (g = bCoyr) + 0y = xoL XL+ BV BV, (72)
Wh 1-0

where wp, = log(1 — b) + log(C},) + ¥ 1og Hp, — xo Lﬁ:; + BV

e 1 1 A A cI YrC
V; = (U_c |:1 b, (Cc,t - bcCc,t71> + BV Et‘/t-i—lj| (73)

where w, = log(1 — b.) 4+ log(C.) + 5.V¢. The system is also augmented with equations (33) - (35).
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