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An Efficient Coal Pyrolysis Model for Detailed 
Tar Species Vaporization 
 
Jianqing Li 
Department of Mechanical Engineering, Marquette University, Milwaukee, WI 
Simcha L. Singer 
Department of Mechanical Engineering, Marquette University, Milwaukee, WI 
 

Abstract 
An accurate and computationally efficient model for the vaporization of many tar species 
during coal particle pyrolysis has been developed. Like previous models, the molecular fragments generated by 
thermal decomposition are partitioned into liquid metaplast, which remains in the particle, and vapor, which 
escapes as tar, using a vapor-liquid equilibrium (VLE) sub-model. Multicomponent VLE is formulated as a rate-
based process, which results in an ordinary differential equation (ODE) for every species. To reduce the 
computational expense of solving many ODEs, the model treats tar and metaplast species as a continuous 
distribution of molecular weight. To improve upon the accuracy of previous continuous thermodynamic 
approaches for pyrolysis, the direct quadrature method of moments (DQMoM) is proposed to solve for the 
evolving distributions without assuming any functional form. An inexpensive delumping procedure is also 
utilized to recover the time-dependent mole fractions and fluxes for every discrete species. The model is well-
suited for coal-to-chemicals processes, and any application which requires information on a range of tar species. 
Using a modified CPD model as the basis for implementation of the VLE submodel, agreement between the full 
discrete model and DQMoM with delumping is excellent, with substantial computational savings. 

•  

Keywords 
Coal, Pyrolysism Vaporization, Continuous thermodynamics, Direct quadrature method of moments (DQMoM), 
Delumping 

1. Introduction 
Pyrolysis is the thermal decomposition of a solid fuel, such as coal or biomass, which produces gaseous, liquid 
and solid products. As a coal particle is heated, its macromolecular structure begins to decompose, creating a 
wide range of molecular fragments and light gases. A portion of the molecular fragments are released from the 
particle as tar, and together with the light gases, comprise the volatiles. Hundreds of light gas and tar species are 
produced during coal pyrolysis.1,2 While pyrolysis (or devolatilization, in the presence of oxygen) occurs as the 
initial step during coal combustion and gasification, pyrolysis as a stand-alone process can be used for the 
production of chemicals and fuels from coal.1 Knowledge of the tar compounds formed during pyrolysis is 
important for such coal-to-chemicals processes, as well as for predicting soot formation during coal gasification 
and combustion by pairing with an elementary reaction mechanism.3 
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A range of pyrolysis models have been developed. Single-step models are typically valid only under the 
conditions for which their kinetic constants have been determined. Distributed activation energy models use 
Arrhenius rates with a distribution of activation energies to represent the numerous chemical pathways for 
production of volatiles from coal's complex macromolecular network.4 The most accurate models are the 
comprehensive models that account for the coal's molecular structure:5 Chemical Percolation Devolatilization 
(CPD),6 FLASHCHAIN7 and FG-DVC.8 These models are based on a realistic description of a coal's structure, a 
mechanistic description of its disintegration upon heating, the release of light gases, cross-linking of metaplast 
and the vaporization of molecular fragments as tar. The tar vaporization model in CPD is based on the flash 
equilibrium analogy originally developed in a precursor to FLASHCHAIN,9 which is more accurate than the 
vaporization submodel in FG-DVC. 
 
Rather than predicting the production of individual tar species, CPD and FLASHCHAIN predict the production of 
lumped tar species as a function of molecular weight. In the CPD model, fragment species are lumped into 
discrete groups, with each lump typically comprising species with a range of roughly 300 kg/kmol.10,11 This 
approach is an example of a discrete component model (DCM), employing quasi-components rather than 
discrete species. FLASHTWO, a precursor to FLASHCHAIN, assumed that the fragment molecular weights 
followed a continuous gamma distribution and calculated the evolution of the distribution's parameters with 
time,9 or specified the distribution to fit experimental data.12 Treating the species as a continuous distribution 
constitutes a continuous thermodynamic model (CTM).13 However, due to the inaccuracy associated with 
specifying the distribution function a priori throughout pyrolysis, FLASHCHAIN calculates the fragment 
distribution from population balance equations for each fragment size,7 which can again be considered a quasi-
DCM, as in CPD. 
 
In general, for problems governed by differential equations, DCM approaches yield information on every 
discrete (or quasi-discrete) species but can become computationally intensive when the number of species 
becomes large. CTM approaches are computationally efficient, but can be less accurate due to the assumption 
of the form of the distribution function, and only provide information on the distribution, rather than on 
individual species. 

This paper presents an accurate and efficient CTM for tar vaporization during coal pyrolysis, as well as a 
delumping step which combines the advantages of DCMs and CTMs. To remove the computational time-step 
dependence11 in the CPD VLE model, the vaporization process is treated as a rate-based process,14 as in 
FLASHCHAIN.7 However, rather than solving an ordinary differential equation for every discrete or quasi-discrete 
species, a CTM is employed, as in FLASHTWO.9 The first novelty of the model presented is that rather than using 
a continuous distribution function that is specified a priori,9 the Direct Quadrature Method of Moments 
(DQMoM) is used to efficiently and accurately solve for the evolution of the distribution of tar and metaplast 
species without assuming any functional form. The second novelty is an accurate and inexpensive delumping 
procedure that is used to recover the time-dependent mole fractions and fluxes for every discrete tar and 
metaplast species, providing the same information as a DCM at a significantly reduced computational cost. 
 
The tar vaporization model described in this paper is well-suited to kinetic models which produce many tar 
species. Molecular dynamics simulations have recently been applied to coal pyrolysis to predict 
individual reaction products for a variety of coals,15,16,17 represented by large-scale coal models.18,19 However, 
these simulations have not yet included models to partition the molecular fragments generated into tar (vapor) 
and metaplast (liquid) and simulate very short periods of time. Recently, an extension of the CPD model has 
been developed that can predict the formation of specific tar compounds.3 Future models might combine the 
advantages of these two simulation approaches, parametrizing kinetic schemes based on functional 
groups8,20 with detailed species information obtained from molecular dynamics simulations. DQMoM for tar 
vaporization is applicable to any kinetic scheme for macromolecular decomposition, while application of the 
delumping procedure is restricted to models without reactions between individual metaplast species, such as 
the biomolecular recombination reactions in FLASHCHAIN.7 
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The rate-based tar vaporization model is presented in discrete form in Section 2.1. The discrete version of the 
model is computationally expensive if applied to many species. Section 2.2 describes the DQMoM approach for 
coal tar vaporization and the delumping procedure is outlined in Section 2.3. The test case for the model is 
based on a modified version of the CPD model and is described in Section 3. Results and discussion comparing 
the DQMoM and delumping models to the DCM are presented in Section 4, with conclusions in Section 5. 

2. Tar vaporization model 
2.1. Discrete component model 
2.1.1. Vapor-liquid equilibrium in CPD 
The vapor-liquid equilibrium (VLE) submodel in the CPD model applies Raoult's Law to relate the liquid (xi) and 
vapor (yi) mole fractions of a quasi-discrete fragment species, i, 
 
(1) 𝑦𝑦𝑖𝑖 = 𝐾𝐾𝑖𝑖𝑥𝑥𝑖𝑖  
and the nonlinear Rachford-Rice equation to calculate the phase of molecular fragments generated from 
decomposition of the macromolecular structure.11 The VLE equilibrium constant, Ki, in Raoult's Law is a function 
of molecular weight and temperature, and a correlation with parameters α, β and γ is based on a wide range 
of vapor pressures:21 

(2) 𝐾𝐾𝑖𝑖 ≡
𝑃𝑃𝑖𝑖
𝑣𝑣

𝑃𝑃
= 𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼�−𝛽𝛽𝑀𝑀𝑀𝑀𝑖𝑖

𝛾𝛾/𝑇𝑇�
𝑃𝑃

 

The Rachford-Rice approach used in the CPD model assumes that VLE occurs as a batch process (Fig. 1a): the 
fragments and light gas generated via decomposition during the last time step are combined with the fragments 
that have accumulated in the metaplast over all previous time steps to calculate, fi, the “feed” of lumped 
fragments, i, which enters the flash vessel. This approach has the disadvantage that the equations depend on 
the numerical time step, a fact recognized by the developers of the CPD model:11 longer time steps result in 
more light fragments and gas in the feed, while shorter time steps result in a feed consisting mostly of heavy 
species that have accumulated in the metaplast. The instantaneous vapor-to-feed ratio, V/F, computed from the 
Rachford-Rice equation, is heavily dependent on the time-step.14 Nonetheless, in the CPD model, the 
computational time step does not have a significant impact on the calculation of mass fractions of tar and gas. 
This is because the average molecular weight of each lumped fragment differs from the next biggest/smallest 
lump by ~ 300 amu, so whether V/F is small or large during a particular time step doesn't change the results 
appreciably; heavy species with Ki ≪ 1 will remain in the particle, while light species with Ki ≫ 1 will vaporize.14 
However, it cannot be assumed that the time step dependence will not impact the solution when many species 
with similar molecular weights are present. For this reason, the current VLE model employs a rate-based process 
(Fig. 1b), similar to the VLE in FLASHCHAIN7 (see Section 2.1.3). 
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Fig. 1. (a) Vapor-liquid equilibrium as a batch process, and (b) as a continuous process. 
 

2.1.2. Rate-based VLE model 
Applying a total mole balance to the flash vessel (coal particle) shown in Fig. 1(b) for a continuous process, and 
accounting for the depletion of liquid species via crosslinking as in the CPD model, yields 
 

(3) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹̇𝐹 − 𝑉̇𝑉 − 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

where L is the total moles of liquid in the particle, V is the total moles of vapor in the particle, 𝐹̇𝐹 is the total 
molar flow rate at which the fragments are generated from decomposition reactions, 𝑉̇𝑉 is the total vapor flow 
rate leaving the particle and kcross represents the rate constant for crosslinking of liquid to solid char, and is the 
same for all tar species. Although the dV/dt term is often negligible, it is retained in the equation for generality 
as discussed below. Assuming minimal pressure rise in the particle,9 and using the ideal gas law, dV/dt depends 
on the rate of change of the particle's temperature. 

Applying a molar balance to each discrete or quasi-discrete species results in: 
 

(4) 
𝑑𝑑𝑙𝑙𝑖𝑖
𝑑𝑑𝑑𝑑

+ 𝑑𝑑𝑣𝑣𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝑧𝑧𝑖𝑖𝐹̇𝐹 − 𝑦𝑦𝑖𝑖𝑉̇𝑉 − 𝑥𝑥𝑖𝑖𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 

where li is the moles of liquid i in the particle, vi is the moles of vapor i in the particle, xi is the mole fraction 
of i in the liquid phase, yi is the mole fraction of iin the vapor phase calculated using Eqs. (1), (2), and zi is the 
mole fraction of i in the feed (generated by decomposition reactions). Expanding terms, combining with the 
total mole balance and rearranging yields the governing equation for each species mole fraction, xi, in the liquid 
phase: 

(5) 
𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑

= �(𝑧𝑧𝑖𝑖−𝑥𝑥𝑖𝑖)𝐹̇𝐹
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

+ 𝑥𝑥𝑖𝑖(1−𝐾𝐾𝑖𝑖)𝑉̇𝑉
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

− 𝑉𝑉𝑥𝑥𝑖𝑖
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝐾𝐾𝑖𝑖
𝑑𝑑𝑑𝑑

+ 𝑥𝑥𝑖𝑖(1−𝐾𝐾𝑖𝑖)
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

Finally, the total vapor molar flow rate, 𝑉̇𝑉, is obtained from the algebraic constraint that the vapor mole 
fractions sum to unity.22 
 
(6) ∑ 𝑦𝑦𝑖𝑖 = 1𝑖𝑖  

Eqs. (3), (5), (6) represent a non-linear system of differential-algebraic equations (DAEs). The nonlinearity stems 
from the dependence of 𝑉̇𝑉 on the xi. This can be seen by differentiating Eq. (6) until it becomes an explicit 
equation for 𝑉̇𝑉, although solving the system as one of ODEs rather than treating the system as one of DAEs leads 
to drift-off error.23 
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2.1.3. Vapor-liquid equilibrium in FLASHCHAIN 
VLE in FLASHCHAIN is also treated as a rate-based process. In FLASHCHAIN it is assumed that there is no 
accumulation of any vapor species within the particle.9 With this assumption, the governing equations in the 
model reduce to 
 

(7) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹̇𝐹 − 𝑉̇𝑉 − 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 

(8) 
𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑

= �(𝑧𝑧𝑖𝑖−𝑥𝑥𝑖𝑖)𝐹̇𝐹
𝐿𝐿

+ 𝑥𝑥𝑖𝑖(1−𝐾𝐾𝑖𝑖)𝑉̇𝑉
𝐿𝐿

� 

and the total vapor molar flow rate, 𝑉̇𝑉, can be obtained explicitly from the light gas generation rate.7 

(9) 𝑉̇𝑉 = 𝑣̇𝑣𝑔𝑔𝑔𝑔𝑔𝑔
𝑦𝑦𝑔𝑔𝑔𝑔𝑔𝑔

= 𝑓̇𝑓𝑔𝑔𝑔𝑔𝑔𝑔
1−∑𝑖𝑖≠𝑔𝑔𝑔𝑔𝑔𝑔 𝐾𝐾𝑖𝑖𝑥𝑥𝑖𝑖

 

Substituting Eqs. (9), (8) again results in a non-linear system, like Eqs. (3), (5), (6), but is one of ODEs rather than 
DAEs. 
 
The computationally efficient DQMoM approach proposed in this paper is applicable to both the DAE and ODE 
versions of the VLE model, Eqs. (3), (5), (6), or Eqs. (7), (8), (9), respectively. Niksa performed a scaling analysis 
and concluded that accumulation of vapor species in coal particles is negligible.9 The form of the distribution 
function therein was fixed and was excluded from the time derivative in the governing equation, which leads to 
omission of some terms in Eq. (5). Comparing the DAE and ODE versions of the VLE for the test case presented 
in Section 3 resulted in a relative root mean square difference of 3.47% in tar vaporization rates. For 
higher heating rates and pyrolysistemperatures than used in the test case, rapid changes in temperature 
(large dT/dt) could cause accumulation or depletion of vapor species, or the dKi/dtterms, to be more significant. 
DQMoM and delumping will therefore be demonstrated with the more general DAE version of the model, 
Eqs. (3), (5), (6), although this version has a higher computation time than the ODE version for both DQMoM and 
the full DCM approach. 
 

2.2. Direct quadrature method of moments 
During coal pyrolysis, hundreds of molecular fragments are generated.1,2 However, calculating the detailed 
species distribution that escapes the particle as tar would be extremely computationally expensive, as 
Eq. (5) must be solved for every species. In practice, in CPD11 and FLASHCHAIN,24 tar species are lumped into 
different fragment sizes, generally using relatively coarse bins. An alternative approach is to represent the 
species as a continuous distribution of molecular weight instead of solving ODEs for each species.9 In this paper, 
DQMoM is proposed to solve for the evolution of the tar and metaplast distributions accurately and efficiently, 
without assuming any functional form. 
 
Cotterman et al. developed continuous thermodynamic models (CTM) and semi-continuous thermodynamic 
models to treat a multicomponent mixture as a prescribed continuous function of boiling point or molecular 
weight.13,25 Lage26 applied the Quadrature Method of Moments (QMoM)27 to allow a continuous mixture's 
distribution to evolve into any functional form. In the context of multicomponent droplet vaporization, Bruyat et 
al.28 applied the Direct Quadrature Method of Moments (DQMoM)29 in place of QMoM, due to its mathematical 
equivalence and computational stability. For certain problems, a CTM may be “delumped” to provide 
information on all discrete species with negligible computational expense, combining the advantages of CTMs 
and DCMs in a single method.30,31 
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DQMoM will be applied to tar/metaplast vapor-liquid-equilibrium during coal pyrolysis, and its accuracy and 
computational cost will be compared to the alternative of solving for every discrete species using a full DCM, 
represented by Eq. (5). A semi-continuous formulation25 will be employed, as the light gas which dominates the 
vapor phase will be considered separately. The molecular weight is chosen as the distribution variable for the 
tar/metaplast because the correlation for vapor pressure is given in terms of molecular weight.11 It would also 
be possible to use DQMoM for multiple distributions, each representing distinct chemical families within the tar, 
if different correlations were to be used for each chemical family. Because the method has not been previously 
applied to pyrolysis models, the development of (D)QMoM is outlined below. 
 
QMoM solves for the time evolution of a distribution by tracking several of its moments27 and has been applied 
to a variety of problems.27,32,33,34 QMoM treats the governing discrete equation, in this case Eq. (5), as a 
continuous equation 
 

(10) 
𝑑𝑑𝑑𝑑�𝐼𝐼,𝑡𝑡�
𝑑𝑑𝑑𝑑

= 𝑆𝑆(𝐼𝐼, 𝑡𝑡) 

where x(I, t) represents the continuous distribution of liquid mole fractions as a function of the “internal 
variable,” I, which represents the molecular weight, and time, t. The source term, S(I, t), represents the 
continuous version of the right-hand-side of Eq. (5). QMoM multiplies both sides of Eq. (10) by Ik, 
for k = 0:2N − 1, and integrates from 0 to ∞, to transform the governing continuous equation into an equation 
for the first 2N moments, mk, of the evolving distribution,27 

(11) 
𝑑𝑑𝑚𝑚𝑘𝑘
𝑑𝑑𝑑𝑑

= 𝑆𝑆𝑘𝑘��� 

where the transformed source term is 

(12) 

𝑆𝑆𝑘𝑘��� = � 𝑆𝑆(𝐼𝐼, 𝑡𝑡)𝐼𝐼𝑘𝑘𝑑𝑑𝑑𝑑
∞

0

 

It is possible to write the integrand as, 
 
(13) 

� 𝑆𝑆(𝐼𝐼)𝐼𝐼𝑘𝑘𝑑𝑑𝑑𝑑
∞

0

= � 𝑥𝑥(𝐼𝐼)𝑓𝑓(𝐼𝐼)𝑑𝑑𝑑𝑑
∞

0

 

treating the distribution as a weight function and using a Gaussian quadrature to evaluate the integral without 
introducing any higher order moments:35 

(14) 

� 𝑥𝑥(𝐼𝐼)𝑓𝑓(𝐼𝐼)𝑑𝑑𝑑𝑑
∞

0

≈�𝑤𝑤𝑗𝑗𝑓𝑓�𝐼𝐼𝑗𝑗�
𝑁𝑁

𝑗𝑗=1

 

wj and Ij are, respectively, the weights (mole fractions) and nodes (molecular weights) of the quadrature, 
and N is the number of nodes used in the interpolation formula. 
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QMoM allows for the evolution of an arbitrarily shaped distribution and the accuracy of the approximation is 
typically quite good with only a few nodes. However, computation of the time-dependent weights and 
nodes, wj and Ij, requires application of the product-difference algorithm36 or Wheeler's algorithm37 at every 
time step, potentially leading to instability. 
 
The Direct Quadrature Method of Moment (DQMoM) is mathematically equivalent to QMoM for univariate 
distributions, but solves directly for the weights and nodes in Eq. (14).29 Numerically, DQMoM is often more 
stable than QMoM28 and can be more convenient for pairing with other equations solved with a standard ODE 
or DAE solver. 
 
The Gaussian quadrature of Eq. (14) is mathematically equivalent to treating the distribution as a summation 
of N delta functions at nodes Ij and with weights wj:29 
 

(15) 

𝑥𝑥(𝐼𝐼, 𝑡𝑡) = �𝑤𝑤𝑗𝑗(𝑡𝑡)𝛿𝛿�𝐼𝐼 − 𝐼𝐼𝑗𝑗(𝑡𝑡)�
𝑁𝑁

𝑗𝑗=1

 

Combining Eq. (15) with the governing Eq. (10) results in: 
 

(16) 

�
𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝑤𝑤𝑗𝑗𝛿𝛿�𝐼𝐼 − 𝐼𝐼𝑗𝑗�� = 𝑆𝑆(𝐼𝐼, 𝑡𝑡)

𝑁𝑁

𝑗𝑗=1

 

The left hand side can be expanded using derivative rules to arrive at:35 
 

(17) 

�𝛿𝛿�𝐼𝐼 − 𝐼𝐼𝑗𝑗� �
𝑑𝑑𝑑𝑑𝑗𝑗
𝑑𝑑𝑑𝑑 �

𝑁𝑁

𝑗𝑗=1

−�𝛿𝛿′�𝐼𝐼 − 𝐼𝐼𝑗𝑗�
𝑁𝑁

𝑗𝑗=1

�
𝑑𝑑�𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗�
𝑑𝑑𝑑𝑑 − 𝐼𝐼𝑗𝑗

𝑑𝑑𝑑𝑑𝑗𝑗
𝑑𝑑𝑑𝑑 �

= 𝑆𝑆(𝐼𝐼, 𝑡𝑡) 

Both sides of Eq. (17) are multiplied by Ik for k = 0:2N − 1 and integrated with respect to I from 0 to ∞ to arrive 
at:35 
 
(18) 

(1 − 𝑘𝑘)�𝐼𝐼𝑗𝑗𝑘𝑘
𝑑𝑑𝑑𝑑𝑗𝑗
𝑑𝑑𝑑𝑑 + 𝑘𝑘

𝑁𝑁

𝑗𝑗=1

�𝐼𝐼𝑗𝑗𝑘𝑘−1
𝑑𝑑�𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗�
𝑑𝑑𝑑𝑑 = 𝑆𝑆𝑘̅𝑘

𝑁𝑁

𝑗𝑗=1

 

where the rules for delta functions are used 
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(19) 

� 𝐼𝐼𝑘𝑘𝛿𝛿�𝐼𝐼 − 𝐼𝐼𝑗𝑗�𝑑𝑑𝑑𝑑 = 𝐼𝐼𝑗𝑗𝑘𝑘
∞

0

 

(20) 

� 𝐼𝐼𝑘𝑘𝛿𝛿′�𝐼𝐼 − 𝐼𝐼𝑗𝑗�𝑑𝑑𝑑𝑑 = −𝑘𝑘𝐼𝐼𝑗𝑗𝑘𝑘−1
∞

0

 

For every value of k, Eq. (18) represents a differential equation involving d(wj)/dt and d(wjIj)/dt. Therefore, 
for k = 0:2N − 1, Eq. (18) represents an implicit system of 2N differential equations that can be solved directly for 
the Ntime-dependent weights, wj, and N time-dependent nodes, Ij, of the equivalent distribution xl(I). The 
system of equations can be written in matrix form:35 
 
(21) 

 

⎝

⎜
⎛

1 … 1 0 ⋯ 0
0 … 0 1 … 1
−𝐼𝐼12 … −𝐼𝐼𝑁𝑁2 2𝐼𝐼1 … 2𝐼𝐼𝑁𝑁
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

2(1 −𝑁𝑁)𝐼𝐼12𝑁𝑁−1 … 2(1 −𝑁𝑁)𝐼𝐼𝑁𝑁2𝑁𝑁−1 (2𝑁𝑁 − 1)𝐼𝐼12𝑁𝑁−2 … (2𝑁𝑁 − 1)𝐼𝐼𝑁𝑁2𝑁𝑁−2⎠

⎟
⎞

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑1/𝑑𝑑𝑑𝑑
⋮

𝑑𝑑𝑑𝑑𝑁𝑁/𝑑𝑑𝑑𝑑
𝑑𝑑(𝑤𝑤1𝐼𝐼1)/𝑑𝑑𝑑𝑑

⋮
𝑑𝑑(𝑤𝑤𝑁𝑁𝐼𝐼𝑁𝑁)/𝑑𝑑𝑑𝑑⎠

⎟
⎟
⎞

=

⎝

⎜
⎜
⎛

𝑆𝑆0̅
⋮
⋮
⋮
⋮

𝑆𝑆2̅𝑁𝑁−1⎠

⎟
⎟
⎞

 

The vector of moment-transformed source terms, 𝑆𝑆𝑘̅𝑘, in Eq. (21) is evaluated using the quadrature 
approximation of Eq. (14). 
 
Until this point, the development of DQMoM has been general and is applicable to any system governed by 
ordinary differential equations. The specifics of a particular problem enter via the source term, S(I,t). The source 
term for coal tar/metaplast VLE is given by a continuous version of the right-hand-side of Eq. (5): 
 

(22) 𝑆𝑆(𝐼𝐼) = ��𝑧𝑧(𝐼𝐼)−𝑥𝑥(𝐼𝐼)�𝐹̇𝐹
𝐿𝐿+𝑉𝑉𝑉𝑉(𝐼𝐼)

+ 𝑥𝑥(𝐼𝐼)�1−𝐾𝐾(𝐼𝐼)�𝑉̇𝑉
𝐿𝐿+𝑉𝑉𝑉𝑉(𝐼𝐼)

− 𝑥𝑥(𝐼𝐼)𝑉𝑉
𝐿𝐿+𝑉𝑉𝑉𝑉(𝐼𝐼)

𝑑𝑑𝑑𝑑(𝐼𝐼)
𝑑𝑑𝑑𝑑

+ 𝑥𝑥(𝐼𝐼)�1−𝐾𝐾(𝐼𝐼)�
𝐿𝐿+𝑉𝑉𝑉𝑉(𝐼𝐼)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

The transformed source terms appearing in Eq. (21) are therefore given by 
 

(23) 

𝑆𝑆𝑘̅𝑘 = � �
�𝑧𝑧(𝐼𝐼) − 𝑥𝑥(𝐼𝐼)�𝐹̇𝐹
𝐿𝐿 + 𝑉𝑉𝑉𝑉(𝐼𝐼)

+
𝑥𝑥(𝐼𝐼)�1 − 𝐾𝐾(𝐼𝐼)�𝑉̇𝑉

𝐿𝐿 + 𝑉𝑉𝑉𝑉(𝐼𝐼)
−

𝑥𝑥(𝐼𝐼)𝑉𝑉
𝐿𝐿 + 𝑉𝑉𝑉𝑉(𝐼𝐼)

𝑑𝑑𝑑𝑑(𝐼𝐼)
𝑑𝑑𝑑𝑑

+
𝑥𝑥(𝐼𝐼)�1 − 𝐾𝐾(𝐼𝐼)�
𝐿𝐿 + 𝑉𝑉𝑉𝑉(𝐼𝐼)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

∞

0

𝐼𝐼𝑘𝑘𝑑𝑑𝑑𝑑 

Substituting the Gaussian quadrature approximation (Eq. (14)) into the transformed source terms in Eq. (23) and 
integrating yields 
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(24) 

 𝑆𝑆𝑘̅𝑘 = �∑
𝑛𝑛
𝑖𝑖=1 𝑤𝑤𝑖𝑖𝐼𝐼𝑖𝑖

𝑘𝑘

𝐿𝐿+𝑉𝑉𝑉𝑉𝑖𝑖
� 𝐹̇𝐹 − �

∑𝑁𝑁𝑗𝑗=1 𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗
𝑘𝑘

𝐿𝐿+𝑉𝑉𝑉𝑉𝑗𝑗
� 𝐹̇𝐹 + �

∑𝑁𝑁𝑗𝑗=1 𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗
𝑘𝑘�1−𝐾𝐾𝑗𝑗�

𝐿𝐿+𝑉𝑉𝑉𝑉𝑗𝑗
� 𝑉̇𝑉 − �

∑𝑁𝑁𝑗𝑗=1 𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗
𝑘𝑘

𝐿𝐿+𝑉𝑉𝑉𝑉𝑗𝑗

𝑑𝑑𝑑𝑑𝑗𝑗
𝑑𝑑𝑑𝑑
� 𝑉𝑉 +

�
∑𝑁𝑁𝑗𝑗=1 𝑤𝑤𝑗𝑗𝐼𝐼𝑗𝑗

𝑘𝑘�1−𝐾𝐾𝑗𝑗�

𝐿𝐿+𝑉𝑉𝑉𝑉𝑗𝑗
� 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

Since the mole fraction of “feed” of fragments, zi, is known for all discrete species from the pyrolysis 
decomposition scheme, the moment transform of the z(I) term in Eq. (23) is evaluated using the known discrete 
species information, summing over discrete species i = 1:n rather than pseudo-components j = 1:N. 
 
In the continuous version of the model, the equation for the total liquid mole fraction is the same as in the 
discrete version of the model 
 

(25) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹̇𝐹 − 𝑉̇𝑉 − 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿 −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

Similarly, V and dV/dt are still determined from the ideal gas law. 
 
In the continuous version of the model, the total vapor molar flow rate, 𝑉̇𝑉, is obtained from the algebraic 
constraint that the vapor weights sum to unity: 
 

(26) � 𝐾𝐾𝑗𝑗𝑤𝑤𝑗𝑗 = 1
𝑗𝑗

 

Because the model employed here is a semi-continuous model,25 since the mole fraction of light gas is 
considered separately from the continuous tar distribution, the summation condition can be written as 

(27) 

𝑦𝑦𝑔𝑔𝑔𝑔𝑔𝑔 + �𝐾𝐾𝑗𝑗𝑤𝑤𝑗𝑗 = 1
𝑗𝑗

 

DQMoM for tar vaporization can be applied with a wide variety of kinetic schemes for macromolecular 
decomposition, with potential extra terms present in Eq. (5). 
 

2.3. Delumping model 
Though DQMoM and other CTMs calculate the properties of an evolving distribution, information on individual 
species is lost. For certain problems, however, a delumping procedure can be used to combine the advantage of 
the full DCM with that of DQMoM: accurate calculation of every discrete species at a reduced computational 
cost. The delumping procedure was developed for multicomponent fuel droplets30 and is applicable to any 
system of differential equations for which the nonlinearity stems from terms associated with the entire mixture. 
Delumping procedures for CTMs have been previously developed for systems governed by algebraic 
equations.38,39 
 
DQMoM accurately solves for the evolution of the distribution, represented by the weights, wj, and nodes, Ij, of 
its pseudo-components. Therefore, variables such as 𝑉̇𝑉 and L which characterize the entire mixture, are 
computed accurately by DQMoM. Because the nonlinearity in Eq. (5) stems solely from terms representative of 
the mixture as a whole, if those terms are known functions of time, the system of discrete ODEs would become 
linear. Furthermore, any linear, first order ODE has an analytical solution in terms of integrals of the integrating 
factor [40]. Therefore, after solving the DQMoM version of the problem, 𝑉̇𝑉(𝑡𝑡), L(t) and other terms can be 
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substituted into discrete Eq. (5) converting it into a system of linear, first order ODEs that can be solved with the 
integrating factor method. Although the analytical solution requires evaluation of numerical integrals, this is 
computationally inexpensive compared to the solution of differential equations. In this way, the full DCM 
solution for every discrete species can be obtained at the cost of a CTM. It is possible to perform delumping 
following the DQMoM solution for the entire pyrolysis process, or following every time step of the DQMoM 
model.30 The latter would be necessary if the particle pyrolysis/tar vaporization model were incorporated as a 
submodel for calculating species source terms in a CFD simulation. 
 
For delumping using the integrating factor method, the differential equation for each discrete xi (Eq. (5)) can be 
rearranged to combine all terms on the right-hand side involving xi: 
 

(28) 
𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝑧𝑧𝑖𝑖𝐹̇𝐹
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

+ 𝑥𝑥𝑖𝑖 �−
𝐹̇𝐹

𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖
+ (1−𝐾𝐾𝑖𝑖)𝑉̇𝑉

𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖
− 𝑉𝑉

𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝐾𝐾𝑖𝑖
𝑑𝑑𝑑𝑑

+ (1−𝐾𝐾𝑖𝑖)
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

The DQMoM solution yields 𝑉̇𝑉(𝑡𝑡) and other variables that characterize the entire mixture. These known 
functions of time are substituted into Eq. (28), which is converted from a nonlinear differential equation, due to 
the dependence of 𝑉̇𝑉 on xi, into a linear equation in which all terms multiplying xi are known functions of time. 
Note that the Ki terms are specific to each species, but do not introduce any non-linearity, since they are 
modeled as depending only on the temperature and molecular weight of each species, but not its mole fraction 
(Eq. (2)). Also note that every term is time-dependent, although not explicitly indicated. 
 
For an ODE of the form 
 

(29) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑃𝑃(𝑡𝑡)𝑥𝑥 = 𝑄𝑄(𝑡𝑡) 

the integrating factor is 

(30) 𝑢𝑢(𝑡𝑡) = 𝑒𝑒𝑒𝑒𝑒𝑒�∫ 𝑃𝑃(𝑡𝑡)𝑑𝑑𝑑𝑑� 
and the solution is given by 

(31) 𝑥𝑥(𝑡𝑡) = ∫ 𝑢𝑢(𝑡𝑡)𝑄𝑄(𝑡𝑡)𝑑𝑑𝑑𝑑+𝐶𝐶
𝑢𝑢(𝑡𝑡)

 

For Eq. (28), for each discrete species i, 
 

(32) 𝑃𝑃𝑖𝑖(𝑡𝑡) = −�− 𝐹̇𝐹
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

+ (1−𝐾𝐾𝑖𝑖)𝑉̇𝑉
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

− 𝑉𝑉
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝐾𝐾𝑖𝑖
𝑑𝑑𝑑𝑑

+ (1−𝐾𝐾𝑖𝑖)
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

(33) 𝑄𝑄𝑖𝑖(𝑡𝑡) = 𝑧𝑧𝑖𝑖𝐹̇𝐹
𝐿𝐿+𝑉𝑉𝐾𝐾𝑖𝑖

 

The integrating factor for each species, i, is given by 
 
(34) 

𝑢𝑢𝑖𝑖(𝑡𝑡) = 𝑒𝑒𝑒𝑒𝑒𝑒 �−� 𝑃𝑃𝑖𝑖(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑡𝑡

0
� 

and the solution for each species mole fraction is given by 

(35) 𝑥𝑥𝑖𝑖(𝑡𝑡) = ∫ 𝑢𝑢𝑖𝑖(𝑡𝑡)𝑄𝑄𝑖𝑖(𝑡𝑡)𝑑𝑑𝑑𝑑+𝑥𝑥𝑖𝑖(0)𝑡𝑡
0

𝑢𝑢𝑖𝑖(𝑡𝑡)
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where it can be shown that the constant of integration in Eq. (31) equals the initial value xi(0). 

In this way, all discrete mole fractions and fluxes can be calculated at all times using DQMoM with delumping. 
Because the integrating factor method is exact, the accuracy of the method is determined by the accuracy of 
DQMoM and the accuracy of the numerical integration in the delumping step. Although matrix exponentials can 
be used for integrating factors for coupled systems of linear ODEs, application of the delumping procedure is 
restricted to models without nonlinear terms in Eq. (5) other than those associated with the mixture as a whole. 
This would preclude reactions between individual metaplast species that lead to nonlinearities, such as 
biomolecular recombination in the liquid phase.7 

3. Test case 
3.1. Modified CPD model 
To test the tar vaporization model, a method for determining the terms 𝑧𝑧𝑖𝑖  and 𝐹̇𝐹, which depend on the 
decomposition kinetics, is required. The model is tested using the CPD model for lattice statistics, decomposition 
kinetics and molecular fragment distribution, reformulated in rate form.14 Terms for the “feed” stream of 
lumped tar fragments, 𝑓𝑓𝑙̇𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝑘𝑘, are calculated on an instantaneous rate basis.14 The calculation of the evolution 
of light gases employs the improved version of the CPD model of Jupudi et al.41 with light gas evolution and 
initial functional group compositions based on FG-DVC.42 The parameters used in the model are shown in Table 
1 and are based on a bituminous coal. 
 
Table 1. CPD model parameters for test case. 

Parameter Value 

Coordination number, σ + 1 4.6 

Initial fraction of intact labile bridges, L0 0.61 

Initial fraction of char bridges, c0 0 

Average molecular weight of cluster 267 
 
To test the accuracy and efficiency of DQMoM for many discrete tar/metaplast species, the tar molecular 
fragment distribution generated by the CPD model is combined with a calculation from a Monte Carlo 
simulation for the discrete tar species. The purpose of this pairing is to convert the coarse 𝑓𝑓𝑙̇𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝑘𝑘 from the CPD 
model (20 molecular weight bins, k) to a discrete 𝑓𝑓𝑖̇𝑖 for many discrete species, i. The Monte Carlo calculation 
yielded the final counts for each of 641 discrete species with molecular weights ranging from 92 to 5822 amu, 
whereas the 20 fragment lumps in the CPD model are characterized by their average molecular weights, which 
evolve in time and have increments of roughly 300 amu. At every time step, the maximum and minimum of each 
of these fragment bins in the CPD model is calculated as the molecular weight halfway between a bin's average 
molecular weight and that of its neighbor. The instantaneous generation rate of every discrete species is then 
calculated as the final mole fraction of the discrete species within the bin's limits calculated by the Monte Carlo 
model (the bracketed term in Eq. (36)) multiplied by the instantaneous generation rate for that bin from the CPD 
model: 
 

(36) 𝑓̇𝑓𝑖𝑖(𝑡𝑡) = 𝑓̇𝑓𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝑘𝑘(𝑡𝑡) � 𝑧𝑧𝑖𝑖,𝑀𝑀𝑀𝑀�𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�

� 𝑧𝑧𝑖𝑖,𝑀𝑀𝑀𝑀�𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

� 

The instantaneous mole fraction of each discrete species in the feed is then given by: 
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(37) 𝑧𝑧𝑖𝑖(𝑡𝑡) = 𝑓̇𝑓𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝑘𝑘(𝑡𝑡)

� 𝑓̇𝑓𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝑘𝑘(𝑡𝑡)
𝑘𝑘

� 𝑧𝑧𝑖𝑖,𝑀𝑀𝑀𝑀�𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�

� 𝑧𝑧𝑖𝑖,𝑀𝑀𝑀𝑀�𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

� 

For illustrative purposes, random fluctuations are added to the mole fraction of each species predicted by the 
Monte Carlo model, zi, MC(tfinal), because there were many heavy species for which zi, MC(tfinal) was identical. The 
total rate of fragment and gas generation is then given by 
 
(38) 

𝐹̇𝐹 = �𝑓̇𝑓𝑖𝑖 + 𝑓̇𝑓𝑔𝑔𝑔𝑔𝑔𝑔

𝑛𝑛

𝑖𝑖=1

 

This method of combining cumulative Monte Carlo data with instantaneous generation rates of lumped 
fragments is somewhat ad-hoc, but serves the purpose of testing the performance of DQMoM and delumping 
for pyrolysismodels with many tar species. The particle temperature for the test-case is shown in Fig. 2 and is 
chosen to represent conditions in a rotary reactor. 
 

 

Fig. 2. Temperature vs. time for the test case. 

3.2. Numerical approach 
MATLAB was used to code a rate-based version of the CPD model with the generation of 641 discrete species 
with the DCM and DQMoM versions of the VLE submodel. Both the DCM and DQMoM versions of the models 
included four ODEs associated with the rate-based CPD decomposition scheme14 and 17 additional ODEs for the 
light gas evolution model.41 In addition to this computational “overhead,” the DCM solved 641 ODEs for 
each xi (Eq. (5)), as well as Eqs. (3), (6). DQMoM using N = 4 nodes solved eight ODEs for the weights and nodes 
of the distribution in Eq. (21), as well as Eqs. (25), (27). Integration of the differential-algebraic system was 
performed using the IDA solver.43 In both the full discrete and DQMoM models the relative tolerance was 
1 × 10− 5. Consistent initial condition for xi, wj, Ij, L and 𝑉̇𝑉 were calculated.23 The delumping integrals were 
performed using the trapezoid rule. Although it is possible to perform delumping following every time step,30 
delumping was performed following integration of the entire solution from the initial to the final time. 

4. Results and discussion 
The accuracy and computational efficiency of DQMoM and delumping for coaltar vaporization will be compared 
to the full discrete model, which it seeks to approximate, and which is exact for this purpose. Typically, three or 
four nodes are sufficient to achieve satisfactory performance using DQMoM. The temporal evolution of the 
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weights and nodes for the liquid mole fraction distribution using four nodes (N = 4) are shown in Fig. 3. The 
weights and nodes are well-behaved, and it was verified that the weights summed to one. The time at which the 
nodes begin to adjust themselves to represent the evolving liquid distribution, in Fig. 3b, is the time at 
which pyrolysis begins in earnest. 
 

 

Fig. 3. Evolution of (a) weights, and (b) nodes for DQMoM with N = 4. 
 
The performance of DQMoM is compared to the full discrete model in Fig. 4, which shows the evolution of the 
total vapor flow rate, 𝑉̇𝑉, an important variable characteristic of the entire tar mixture. Excellent agreement 
between DQMoM and the full DCM is observed, including for the blip around 7 s, using either three or four 
nodes for DQMoM. Pyrolysis begins when the temperature reaches approximately 450 °C. It is noted that the 
figures employ the per cluster normalization of the CPD model. 
 

 

Fig. 4. Evolution of the total vapor flow rate for the full DCM and for DQMoM with N = 3 and N = 4. 
 
Fig. 5 shows the evolution of the total accumulated liquid (metaplast), L, another variable characteristic of the 
entire mixture. Using four nodes, the agreement between DQMoM and the full DCM is quite good, while 
DQMoM using three nodes fails to capture the evolution of metaplast accumulation as accurately. 
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Fig. 5. Evolution of the accumulated metaplast for the full DCM and for DQMoM with N = 3 and N = 4. 
 
The approximation of the mean molecular weight is another important characteristic to be captured by pyrolysis 
models. The mean metaplast molecular weight is calculated using the first moment of the liquid distribution and 
shown in Fig. 6. After pyrolysis begins in earnest at roughly 6.5 s, the mean molecular weight is roughly 
700 kg/kmol. Using four nodes, DQMoM qualitatively captures the initial increase in mean molecular weight, its 
decrease beginning at 6.9 s, and its subsequent increase after 7.6 s. Quantitative agreement between DQMoM 
and the DCM is satisfactory, however, a discrepancy beyond 8.5 s is noted. 
 

 

Fig. 6. Evolution of the mean metaplast molecular weight for the full DCM, for DQMoM with N = 4 and after the delumping 
step. 
 
As discussed in Section 2.3, application of the delumping procedure enables calculation of variables associated 
with individual species from a CTM. Prior to a comparison of the detailed tar and metaplast species predictions, 
it is noted that the delumped solution can also be used to improve predictions for variables characteristic of the 
mixture as a whole, such as mean metaplast molecular weight. While stand-alone DQMoM yielded satisfactory 
results for this variable, Fig. 6 shows that the mean molecular weight based on the delumped solution produces 
good quantitative agreement with the DCM solution at all times. 
 
Fig. 7 compares the discrete liquid mole fraction distributions calculated by DQMoM (N = 4) followed by 
delumping to the full DCM calculations for three times during the pyrolysis process. Although species with 
molecular weights up to 5822 kg/kmol are produced in small quantities, only species up to 2000 kg/kmol are 
shown for clarity. Agreement between the two approaches is quite good, both for the dominant metaplast 
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species with molecular weights below 1200 kg/kmol, as well as for heavier species present in lower 
concentrations, shown in the inset. 
 

 

Fig. 7. Discrete metaplast mole fractions for the full DCM and DQMoM with delumping (N = 4) at 8 s. 
 
Although the liquid mole fractions are the state variables, the flow rates of tar species are the most important 
discrete outputs from the model. Fig. 8 compares discrete tar vaporization rates calculated by DQMoM with 
delumping to those calculated by the full DCM. Excellent agreement is observed for both the lighter species that 
dominate the tar at these pyrolysis temperatures, as well as the heavier species that largely remain in the 
particle. Again, only a portion of the distribution is shown for clarity. 
 

 

Fig. 8. Discrete tar vaporization rates for the full DCM and DQMoM with delumping (N = 4) at 8 s. 
 
The accuracy of the delumped solution is quantified in Fig. 9, accounting for the contribution of every species as 
a function of time, using the relative error in the 2-norm for the approximate DQMoM with delumping, 
compared to the exact DCM 
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Fig. 9. Relative error in the two-norm as a function of time for DQMoM with delumping (N = 4) compared to the full DCM. 
 
The error is < 1% at all times for DQMoM with four nodes, indicating that DQMoM with delumping produces an 
excellent approximation to the full discrete model. 

The computational efficiency of DQMoM and delumping for N = 3 and N = 4 is compared to the full DCM in Table 
2. Each entry is based on an average of three runs on a desktop machine with a single quad core processor 
running at 3.4 GHz. DQMoM with delumping reduces the computational cost by over 90% for the test case with 
641 species. Although the computational savings would be smaller if fewer discrete tar species were modeled, it 
is also noted that the computational overhead associated with the 17 ODEs for light gas generation,41 some of 
which are numerically stiff, decreases the CPU time reduction achieved by implementation of DQMoM. It is also 
noted that the delumping step typically contributes only about 5% of the computational cost of DQMoM with 
delumping. 
 
Table 2. Comparison of CPU time and relative error for DQMoM with delumping (N = 3 and N = 4) and the full 
DCM. 
 

CPU time (% reduction) Relative error (2-norm) 

DCM 1080 s (−) – 

DQMoM + deluming (N = 3) 88.50 s (91.7%) 1.34% 

DQMoM + deluming (N = 4) 102.90 s (90.3%) 0.57% 
 
Despite the significant computational savings realized using DQMoM with delumping, the approach is currently 
too slow for CFD. For instance, the original version of the CPD model, which is often incorporated in CFD codes, 
runs in a fraction of a second. One potential application of the model is in simulating tar species production in 
coal-to-chemicals processes, in which the pyrolysis/tar vaporization model is applied to a large number of 
temperature histories representing different particle trajectories through realistic reactors. Such temperature-
time profiles can be obtained from analysis of granular flow simulations.44 The pyrolysis calculations might be 
performed for a variety of reactor operating conditions, resulting in repeated application of the tar vaporization 
model. The order-of-magnitude computational savings of DQMoM and delumping has the potential to alleviate 
what might otherwise be prohibitive calculation times in such a study. 
 
The relative error of DQMoM with delumping, combining all discrete times, k, is also reported in Table 2, using 
the relative error in the 2-norm for all species and all times simultaneously 
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This metric accounts for the fact that minimal pyrolysis occurs at early times and that many species are present 
in lesser amounts. With relative errors below 2%, it is concluded that DQMoM with delumping is an accurate 
and computationally efficient alternative to full discrete component models. 

5. Conclusions 
DQMoM is proposed for efficient modeling of tar vaporization during coal particle pyrolysis without assuming 
any functional form for the distribution of tar or metaplast species. Using just four nodes and weights to 
represent a mixture of 641 species, DQMoM has been shown to accurately predict the evolution of total tar and 
light gas vaporization rates, the accumulation of metaplast and other characteristics of the species distribution, 
such as mean molecular weight. The DQMoM approach for multicomponent VLE can be combined with a variety 
of kinetic decomposition mechanisms that might be employed for coal pyrolysis. Although demonstrated here 
for a multicomponent VLE formulated as a DAE system, DQMoM can also be applied to a computationally 
simpler ODE formulation. 
 
A delumping procedure has also been applied to recover information on the instantaneous tar vapor fluxes and 
metaplast mole fractions for every discrete species. Delumping is applicable whenever the nonlinearity in the 
governing equations is associated with the mixture as a whole. This is the case for the extended CPD model3 and 
for models based on lumped fragment species parametrized by Monte Carlo or molecular dynamics results, such 
as the test case presented, but not for models in which molecular fragments react with one another in the liquid 
phase producing nonlinear terms. The combination of DQMoM with delumping was compared to a full DCM and 
excellent agreement was obtained for the 641 discrete mole fractions and tar vaporization rates, with 
substantial computational savings. 

Nomenclature 
C constant in Eq. (31) 
f(I) function multiplying weight function in Eq. (13) 
𝐹̇𝐹 molar flow rate of feed 
I distribution variable (molecular weight) 
Ki equilibrium constant 
kcross CPD rate constant for cross-linking 
L moles total liquid (metaplast) 
li moles of liquid species i 
mk kth moment 
MW molecular weight 
N number of nodes 
N number of discrete species 
P pressure 
P(t) function in Eq. (29) 
Q(t) function in Eq. (29) 
S source term 
T temperature 
t time 
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u(t) integrating factor 
V moles total vapor 
𝑉̇𝑉 total molar flow rate of vapor 
vi moles of vapor species i 
wj weight 
x liquid mole fraction 
y vapor mole fraction 
z feed mole fraction 
α parameter in vapor pressure correlation 
β parameter in vapor pressure correlation 
γ parameter in vapor pressure correlation 

Subscripts 
Gas light gas 
Final at the final time 
i discrete species index 
j node index 
k moment order index, or fragment index in Eqs. (36), (37), or timestep index in Eq. (40) 
lump CPD fragment 
MC Monte Carlo 
tot total (for all species or nodes) 
v vapor 
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	Abstract
	An accurate and computationally efficient model for the vaporization of many tar species during coal particle pyrolysis has been developed. Like previous models, the molecular fragments generated by thermal decomposition are partitioned into liquid metaplast, which remains in the particle, and vapor, which escapes as tar, using a vapor-liquid equilibrium (VLE) sub-model. Multicomponent VLE is formulated as a rate-based process, which results in an ordinary differential equation (ODE) for every species. To reduce the computational expense of solving many ODEs, the model treats tar and metaplast species as a continuous distribution of molecular weight. To improve upon the accuracy of previous continuous thermodynamic approaches for pyrolysis, the direct quadrature method of moments (DQMoM) is proposed to solve for the evolving distributions without assuming any functional form. An inexpensive delumping procedure is also utilized to recover the time-dependent mole fractions and fluxes for every discrete species. The model is well-suited for coal-to-chemicals processes, and any application which requires information on a range of tar species. Using a modified CPD model as the basis for implementation of the VLE submodel, agreement between the full discrete model and DQMoM with delumping is excellent, with substantial computational savings.
	Keywords
	Coal, Pyrolysism Vaporization, Continuous thermodynamics, Direct quadrature method of moments (DQMoM), Delumping
	1. Introduction
	Pyrolysis is the thermal decomposition of a solid fuel, such as coal or biomass, which produces gaseous, liquid and solid products. As a coal particle is heated, its macromolecular structure begins to decompose, creating a wide range of molecular fragments and light gases. A portion of the molecular fragments are released from the particle as tar, and together with the light gases, comprise the volatiles. Hundreds of light gas and tar species are produced during coal pyrolysis.1,2 While pyrolysis (or devolatilization, in the presence of oxygen) occurs as the initial step during coal combustion and gasification, pyrolysis as a stand-alone process can be used for the production of chemicals and fuels from coal.1 Knowledge of the tar compounds formed during pyrolysis is important for such coal-to-chemicals processes, as well as for predicting soot formation during coal gasification and combustion by pairing with an elementary reaction mechanism.3
	A range of pyrolysis models have been developed. Single-step models are typically valid only under the conditions for which their kinetic constants have been determined. Distributed activation energy models use Arrhenius rates with a distribution of activation energies to represent the numerous chemical pathways for production of volatiles from coal's complex macromolecular network.4 The most accurate models are the comprehensive models that account for the coal's molecular structure:5 Chemical Percolation Devolatilization (CPD),6 FLASHCHAIN7 and FG-DVC.8 These models are based on a realistic description of a coal's structure, a mechanistic description of its disintegration upon heating, the release of light gases, cross-linking of metaplast and the vaporization of molecular fragments as tar. The tar vaporization model in CPD is based on the flash equilibrium analogy originally developed in a precursor to FLASHCHAIN,9 which is more accurate than the vaporization submodel in FG-DVC.
	Rather than predicting the production of individual tar species, CPD and FLASHCHAIN predict the production of lumped tar species as a function of molecular weight. In the CPD model, fragment species are lumped into discrete groups, with each lump typically comprising species with a range of roughly 300 kg/kmol.10,11 This approach is an example of a discrete component model (DCM), employing quasi-components rather than discrete species. FLASHTWO, a precursor to FLASHCHAIN, assumed that the fragment molecular weights followed a continuous gamma distribution and calculated the evolution of the distribution's parameters with time,9 or specified the distribution to fit experimental data.12 Treating the species as a continuous distribution constitutes a continuous thermodynamic model (CTM).13 However, due to the inaccuracy associated with specifying the distribution function a priori throughout pyrolysis, FLASHCHAIN calculates the fragment distribution from population balance equations for each fragment size,7 which can again be considered a quasi-DCM, as in CPD.
	In general, for problems governed by differential equations, DCM approaches yield information on every discrete (or quasi-discrete) species but can become computationally intensive when the number of species becomes large. CTM approaches are computationally efficient, but can be less accurate due to the assumption of the form of the distribution function, and only provide information on the distribution, rather than on individual species.
	This paper presents an accurate and efficient CTM for tar vaporization during coal pyrolysis, as well as a delumping step which combines the advantages of DCMs and CTMs. To remove the computational time-step dependence11 in the CPD VLE model, the vaporization process is treated as a rate-based process,14 as in FLASHCHAIN.7 However, rather than solving an ordinary differential equation for every discrete or quasi-discrete species, a CTM is employed, as in FLASHTWO.9 The first novelty of the model presented is that rather than using a continuous distribution function that is specified a priori,9 the Direct Quadrature Method of Moments (DQMoM) is used to efficiently and accurately solve for the evolution of the distribution of tar and metaplast species without assuming any functional form. The second novelty is an accurate and inexpensive delumping procedure that is used to recover the time-dependent mole fractions and fluxes for every discrete tar and metaplast species, providing the same information as a DCM at a significantly reduced computational cost.
	The tar vaporization model described in this paper is well-suited to kinetic models which produce many tar species. Molecular dynamics simulations have recently been applied to coal pyrolysis to predict individual reaction products for a variety of coals,15,16,17 represented by large-scale coal models.18,19 However, these simulations have not yet included models to partition the molecular fragments generated into tar (vapor) and metaplast (liquid) and simulate very short periods of time. Recently, an extension of the CPD model has been developed that can predict the formation of specific tar compounds.3 Future models might combine the advantages of these two simulation approaches, parametrizing kinetic schemes based on functional groups8,20 with detailed species information obtained from molecular dynamics simulations. DQMoM for tar vaporization is applicable to any kinetic scheme for macromolecular decomposition, while application of the delumping procedure is restricted to models without reactions between individual metaplast species, such as the biomolecular recombination reactions in FLASHCHAIN.7
	The rate-based tar vaporization model is presented in discrete form in Section 2.1. The discrete version of the model is computationally expensive if applied to many species. Section 2.2 describes the DQMoM approach for coal tar vaporization and the delumping procedure is outlined in Section 2.3. The test case for the model is based on a modified version of the CPD model and is described in Section 3. Results and discussion comparing the DQMoM and delumping models to the DCM are presented in Section 4, with conclusions in Section 5.
	2. Tar vaporization model
	2.1. Discrete component model
	2.1.1. Vapor-liquid equilibrium in CPD
	2.1.2. Rate-based VLE model
	2.1.3. Vapor-liquid equilibrium in FLASHCHAIN

	2.2. Direct quadrature method of moments
	2.3. Delumping model

	The vapor-liquid equilibrium (VLE) submodel in the CPD model applies Raoult's Law to relate the liquid (xi) and vapor (yi) mole fractions of a quasi-discrete fragment species, i,
	(1) 𝑦𝑖=𝐾𝑖𝑥𝑖
	and the nonlinear Rachford-Rice equation to calculate the phase of molecular fragments generated from decomposition of the macromolecular structure.11 The VLE equilibrium constant, Ki, in Raoult's Law is a function of molecular weight and temperature, and a correlation with parameters α, β and γ is based on a wide range of vapor pressures:21
	(2) 𝐾𝑖≡𝑃𝑖𝑣𝑃=𝛼𝑒𝑥𝑝−𝛽𝑀𝑊𝑖𝛾/𝑇𝑃
	The Rachford-Rice approach used in the CPD model assumes that VLE occurs as a batch process (Fig. 1a): the fragments and light gas generated via decomposition during the last time step are combined with the fragments that have accumulated in the metaplast over all previous time steps to calculate, fi, the “feed” of lumped fragments, i, which enters the flash vessel. This approach has the disadvantage that the equations depend on the numerical time step, a fact recognized by the developers of the CPD model:11 longer time steps result in more light fragments and gas in the feed, while shorter time steps result in a feed consisting mostly of heavy species that have accumulated in the metaplast. The instantaneous vapor-to-feed ratio, V/F, computed from the Rachford-Rice equation, is heavily dependent on the time-step.14 Nonetheless, in the CPD model, the computational time step does not have a significant impact on the calculation of mass fractions of tar and gas. This is because the average molecular weight of each lumped fragment differs from the next biggest/smallest lump by ~ 300 amu, so whether V/F is small or large during a particular time step doesn't change the results appreciably; heavy species with Ki ≪ 1 will remain in the particle, while light species with Ki ≫ 1 will vaporize.14 However, it cannot be assumed that the time step dependence will not impact the solution when many species with similar molecular weights are present. For this reason, the current VLE model employs a rate-based process (Fig. 1b), similar to the VLE in FLASHCHAIN7 (see Section 2.1.3).
	/
	Fig. 1. (a) Vapor-liquid equilibrium as a batch process, and (b) as a continuous process.
	Applying a total mole balance to the flash vessel (coal particle) shown in Fig. 1(b) for a continuous process, and accounting for the depletion of liquid species via crosslinking as in the CPD model, yields
	(3) 𝑑𝐿𝑑𝑡=𝐹−𝑉−𝑘𝑐𝑟𝑜𝑠𝑠𝐿−𝑑𝑉𝑑𝑡
	where L is the total moles of liquid in the particle, V is the total moles of vapor in the particle, 𝐹 is the total molar flow rate at which the fragments are generated from decomposition reactions, 𝑉 is the total vapor flow rate leaving the particle and kcross represents the rate constant for crosslinking of liquid to solid char, and is the same for all tar species. Although the dV/dt term is often negligible, it is retained in the equation for generality as discussed below. Assuming minimal pressure rise in the particle,9 and using the ideal gas law, dV/dt depends on the rate of change of the particle's temperature.
	Applying a molar balance to each discrete or quasi-discrete species results in:
	(4) 𝑑𝑙𝑖𝑑𝑡+𝑑𝑣𝑖𝑑𝑡=𝑧𝑖𝐹−𝑦𝑖𝑉−𝑥𝑖𝑘𝑐𝑟𝑜𝑠𝑠𝐿
	where li is the moles of liquid i in the particle, vi is the moles of vapor i in the particle, xi is the mole fraction of i in the liquid phase, yi is the mole fraction of iin the vapor phase calculated using Eqs. (1), (2), and zi is the mole fraction of i in the feed (generated by decomposition reactions). Expanding terms, combining with the total mole balance and rearranging yields the governing equation for each species mole fraction, xi, in the liquid phase:
	(5) 𝑑𝑥𝑖𝑑𝑡=𝑧𝑖−𝑥𝑖𝐹𝐿+𝑉𝐾𝑖+𝑥𝑖1−𝐾𝑖𝑉𝐿+𝑉𝐾𝑖−𝑉𝑥𝑖𝐿+𝑉𝐾𝑖𝑑𝐾𝑖𝑑𝑡+𝑥𝑖1−𝐾𝑖𝐿+𝑉𝐾𝑖𝑑𝑉𝑑𝑡
	Finally, the total vapor molar flow rate, 𝑉, is obtained from the algebraic constraint that the vapor mole fractions sum to unity.22
	(6) 𝑖𝑦𝑖=1
	Eqs. (3), (5), (6) represent a non-linear system of differential-algebraic equations (DAEs). The nonlinearity stems from the dependence of 𝑉 on the xi. This can be seen by differentiating Eq. (6) until it becomes an explicit equation for 𝑉, although solving the system as one of ODEs rather than treating the system as one of DAEs leads to drift-off error.23
	VLE in FLASHCHAIN is also treated as a rate-based process. In FLASHCHAIN it is assumed that there is no accumulation of any vapor species within the particle.9 With this assumption, the governing equations in the model reduce to
	(7) 𝑑𝐿𝑑𝑡=𝐹−𝑉−𝑘𝑐𝑟𝑜𝑠𝑠𝐿
	(8) 𝑑𝑥𝑖𝑑𝑡=𝑧𝑖−𝑥𝑖𝐹𝐿+𝑥𝑖1−𝐾𝑖𝑉𝐿
	and the total vapor molar flow rate, 𝑉, can be obtained explicitly from the light gas generation rate.7
	(9) 𝑉=𝑣𝑔𝑎𝑠𝑦𝑔𝑎𝑠=𝑓𝑔𝑎𝑠1−𝑖≠𝑔𝑎𝑠𝐾𝑖𝑥𝑖
	Substituting Eqs. (9), (8) again results in a non-linear system, like Eqs. (3), (5), (6), but is one of ODEs rather than DAEs.
	The computationally efficient DQMoM approach proposed in this paper is applicable to both the DAE and ODE versions of the VLE model, Eqs. (3), (5), (6), or Eqs. (7), (8), (9), respectively. Niksa performed a scaling analysis and concluded that accumulation of vapor species in coal particles is negligible.9 The form of the distribution function therein was fixed and was excluded from the time derivative in the governing equation, which leads to omission of some terms in Eq. (5). Comparing the DAE and ODE versions of the VLE for the test case presented in Section 3 resulted in a relative root mean square difference of 3.47% in tar vaporization rates. For higher heating rates and pyrolysistemperatures than used in the test case, rapid changes in temperature (large dT/dt) could cause accumulation or depletion of vapor species, or the dKi/dtterms, to be more significant. DQMoM and delumping will therefore be demonstrated with the more general DAE version of the model, Eqs. (3), (5), (6), although this version has a higher computation time than the ODE version for both DQMoM and the full DCM approach.
	During coal pyrolysis, hundreds of molecular fragments are generated.1,2 However, calculating the detailed species distribution that escapes the particle as tar would be extremely computationally expensive, as Eq. (5) must be solved for every species. In practice, in CPD11 and FLASHCHAIN,24 tar species are lumped into different fragment sizes, generally using relatively coarse bins. An alternative approach is to represent the species as a continuous distribution of molecular weight instead of solving ODEs for each species.9 In this paper, DQMoM is proposed to solve for the evolution of the tar and metaplast distributions accurately and efficiently, without assuming any functional form.
	Cotterman et al. developed continuous thermodynamic models (CTM) and semi-continuous thermodynamic models to treat a multicomponent mixture as a prescribed continuous function of boiling point or molecular weight.13,25 Lage26 applied the Quadrature Method of Moments (QMoM)27 to allow a continuous mixture's distribution to evolve into any functional form. In the context of multicomponent droplet vaporization, Bruyat et al.28 applied the Direct Quadrature Method of Moments (DQMoM)29 in place of QMoM, due to its mathematical equivalence and computational stability. For certain problems, a CTM may be “delumped” to provide information on all discrete species with negligible computational expense, combining the advantages of CTMs and DCMs in a single method.30,31
	DQMoM will be applied to tar/metaplast vapor-liquid-equilibrium during coal pyrolysis, and its accuracy and computational cost will be compared to the alternative of solving for every discrete species using a full DCM, represented by Eq. (5). A semi-continuous formulation25 will be employed, as the light gas which dominates the vapor phase will be considered separately. The molecular weight is chosen as the distribution variable for the tar/metaplast because the correlation for vapor pressure is given in terms of molecular weight.11 It would also be possible to use DQMoM for multiple distributions, each representing distinct chemical families within the tar, if different correlations were to be used for each chemical family. Because the method has not been previously applied to pyrolysis models, the development of (D)QMoM is outlined below.
	QMoM solves for the time evolution of a distribution by tracking several of its moments27 and has been applied to a variety of problems.27,32,33,34 QMoM treats the governing discrete equation, in this case Eq. (5), as a continuous equation
	(10) 𝑑𝑥𝐼𝑡𝑑𝑡=𝑆𝐼𝑡
	where x(I, t) represents the continuous distribution of liquid mole fractions as a function of the “internal variable,” I, which represents the molecular weight, and time, t. The source term, S(I, t), represents the continuous version of the right-hand-side of Eq. (5). QMoM multiplies both sides of Eq. (10) by Ik, for k = 0:2N − 1, and integrates from 0 to ∞, to transform the governing continuous equation into an equation for the first 2N moments, mk, of the evolving distribution,27
	(11) 𝑑𝑚𝑘𝑑𝑡=𝑆𝑘
	where the transformed source term is
	(12)𝑆𝑘=0∞𝑆𝐼𝑡𝐼𝑘𝑑𝐼
	It is possible to write the integrand as,
	(13)0∞𝑆𝐼𝐼𝑘𝑑𝐼=0∞𝑥𝐼𝑓𝐼𝑑𝐼
	treating the distribution as a weight function and using a Gaussian quadrature to evaluate the integral without introducing any higher order moments:35
	(14)0∞𝑥𝐼𝑓𝐼𝑑𝐼≈𝑗=1𝑁𝑤𝑗𝑓𝐼𝑗
	wj and Ij are, respectively, the weights (mole fractions) and nodes (molecular weights) of the quadrature, and N is the number of nodes used in the interpolation formula.
	QMoM allows for the evolution of an arbitrarily shaped distribution and the accuracy of the approximation is typically quite good with only a few nodes. However, computation of the time-dependent weights and nodes, wj and Ij, requires application of the product-difference algorithm36 or Wheeler's algorithm37 at every time step, potentially leading to instability.
	The Direct Quadrature Method of Moment (DQMoM) is mathematically equivalent to QMoM for univariate distributions, but solves directly for the weights and nodes in Eq. (14).29 Numerically, DQMoM is often more stable than QMoM28 and can be more convenient for pairing with other equations solved with a standard ODE or DAE solver.
	The Gaussian quadrature of Eq. (14) is mathematically equivalent to treating the distribution as a summation of N delta functions at nodes Ij and with weights wj:29
	(15)𝑥𝐼𝑡=𝑗=1𝑁𝑤𝑗𝑡𝛿𝐼−𝐼𝑗𝑡
	Combining Eq. (15) with the governing Eq. (10) results in:
	(16)𝑗=1𝑁𝜕𝜕𝑡𝑤𝑗𝛿𝐼−𝐼𝑗=𝑆𝐼𝑡
	The left hand side can be expanded using derivative rules to arrive at:35
	(17)𝑗=1𝑁𝛿𝐼−𝐼𝑗𝑑𝑤𝑗𝑑𝑡−𝑗=1𝑁𝛿′𝐼−𝐼𝑗𝑑𝑤𝑗𝐼𝑗𝑑𝑡−𝐼𝑗𝑑𝑤𝑗𝑑𝑡=𝑆𝐼𝑡
	Both sides of Eq. (17) are multiplied by Ik for k = 0:2N − 1 and integrated with respect to I from 0 to ∞ to arrive at:35
	(18)1−𝑘𝑗=1𝑁𝐼𝑗𝑘𝑑𝑤𝑗𝑑𝑡+𝑘𝑗=1𝑁𝐼𝑗𝑘−1𝑑𝑤𝑗𝐼𝑗𝑑𝑡=𝑆𝑘
	where the rules for delta functions are used
	(19)0∞𝐼𝑘𝛿𝐼−𝐼𝑗𝑑𝐼=𝐼𝑗𝑘
	(20)0∞𝐼𝑘𝛿′𝐼−𝐼𝑗𝑑𝐼=−𝑘𝐼𝑗𝑘−1
	For every value of k, Eq. (18) represents a differential equation involving d(wj)/dt and d(wjIj)/dt. Therefore, for k = 0:2N − 1, Eq. (18) represents an implicit system of 2N differential equations that can be solved directly for the Ntime-dependent weights, wj, and N time-dependent nodes, Ij, of the equivalent distribution xl(I). The system of equations can be written in matrix form:35
	The vector of moment-transformed source terms, 𝑆𝑘, in Eq. (21) is evaluated using the quadrature approximation of Eq. (14).
	Until this point, the development of DQMoM has been general and is applicable to any system governed by ordinary differential equations. The specifics of a particular problem enter via the source term, S(I,t). The source term for coal tar/metaplast VLE is given by a continuous version of the right-hand-side of Eq. (5):
	(22) 𝑆𝐼=𝑧𝐼−𝑥𝐼𝐹𝐿+𝑉𝐾𝐼+𝑥𝐼1−𝐾𝐼𝑉𝐿+𝑉𝐾𝐼−𝑥𝐼𝑉𝐿+𝑉𝐾𝐼𝑑𝐾𝐼𝑑𝑡+𝑥𝐼1−𝐾𝐼𝐿+𝑉𝐾𝐼𝑑𝑉𝑑𝑡
	The transformed source terms appearing in Eq. (21) are therefore given by
	(23)𝑆𝑘=0∞𝑧𝐼−𝑥𝐼𝐹𝐿+𝑉𝐾𝐼+𝑥𝐼1−𝐾𝐼𝑉𝐿+𝑉𝐾𝐼−𝑥𝐼𝑉𝐿+𝑉𝐾𝐼𝑑𝐾𝐼𝑑𝑡+𝑥𝐼1−𝐾𝐼𝐿+𝑉𝐾𝐼𝑑𝑉𝑑𝑡𝐼𝑘𝑑𝐼
	Substituting the Gaussian quadrature approximation (Eq. (14)) into the transformed source terms in Eq. (23) and integrating yields
	Since the mole fraction of “feed” of fragments, zi, is known for all discrete species from the pyrolysis decomposition scheme, the moment transform of the z(I) term in Eq. (23) is evaluated using the known discrete species information, summing over discrete species i = 1:n rather than pseudo-components j = 1:N.
	In the continuous version of the model, the equation for the total liquid mole fraction is the same as in the discrete version of the model
	(25) 𝑑𝐿𝑑𝑡=𝐹−𝑉−𝑘𝑐𝑟𝑜𝑠𝑠𝐿−𝑑𝑉𝑑𝑡
	Similarly, V and dV/dt are still determined from the ideal gas law.
	In the continuous version of the model, the total vapor molar flow rate, 𝑉, is obtained from the algebraic constraint that the vapor weights sum to unity:
	(26) 𝑗𝐾𝑗𝑤𝑗=1
	Because the model employed here is a semi-continuous model,25 since the mole fraction of light gas is considered separately from the continuous tar distribution, the summation condition can be written as
	(27)𝑦𝑔𝑎𝑠+𝑗𝐾𝑗𝑤𝑗=1
	DQMoM for tar vaporization can be applied with a wide variety of kinetic schemes for macromolecular decomposition, with potential extra terms present in Eq. (5).
	Though DQMoM and other CTMs calculate the properties of an evolving distribution, information on individual species is lost. For certain problems, however, a delumping procedure can be used to combine the advantage of the full DCM with that of DQMoM: accurate calculation of every discrete species at a reduced computational cost. The delumping procedure was developed for multicomponent fuel droplets30 and is applicable to any system of differential equations for which the nonlinearity stems from terms associated with the entire mixture. Delumping procedures for CTMs have been previously developed for systems governed by algebraic equations.38,39
	DQMoM accurately solves for the evolution of the distribution, represented by the weights, wj, and nodes, Ij, of its pseudo-components. Therefore, variables such as 𝑉 and L which characterize the entire mixture, are computed accurately by DQMoM. Because the nonlinearity in Eq. (5) stems solely from terms representative of the mixture as a whole, if those terms are known functions of time, the system of discrete ODEs would become linear. Furthermore, any linear, first order ODE has an analytical solution in terms of integrals of the integrating factor [40]. Therefore, after solving the DQMoM version of the problem, 𝑉𝑡, L(t) and other terms can be substituted into discrete Eq. (5) converting it into a system of linear, first order ODEs that can be solved with the integrating factor method. Although the analytical solution requires evaluation of numerical integrals, this is computationally inexpensive compared to the solution of differential equations. In this way, the full DCM solution for every discrete species can be obtained at the cost of a CTM. It is possible to perform delumping following the DQMoM solution for the entire pyrolysis process, or following every time step of the DQMoM model.30 The latter would be necessary if the particle pyrolysis/tar vaporization model were incorporated as a submodel for calculating species source terms in a CFD simulation.
	For delumping using the integrating factor method, the differential equation for each discrete xi (Eq. (5)) can be rearranged to combine all terms on the right-hand side involving xi:
	(28) 𝑑𝑥𝑖𝑑𝑡=𝑧𝑖𝐹𝐿+𝑉𝐾𝑖+𝑥𝑖−𝐹𝐿+𝑉𝐾𝑖+1−𝐾𝑖𝑉𝐿+𝑉𝐾𝑖−𝑉𝐿+𝑉𝐾𝑖𝑑𝐾𝑖𝑑𝑡+1−𝐾𝑖𝐿+𝑉𝐾𝑖𝑑𝑉𝑑𝑡
	The DQMoM solution yields 𝑉𝑡 and other variables that characterize the entire mixture. These known functions of time are substituted into Eq. (28), which is converted from a nonlinear differential equation, due to the dependence of 𝑉 on xi, into a linear equation in which all terms multiplying xi are known functions of time. Note that the Ki terms are specific to each species, but do not introduce any non-linearity, since they are modeled as depending only on the temperature and molecular weight of each species, but not its mole fraction (Eq. (2)). Also note that every term is time-dependent, although not explicitly indicated.
	For an ODE of the form
	(29) 𝑑𝑥𝑑𝑡+𝑃𝑡𝑥=𝑄𝑡
	the integrating factor is
	(30) 𝑢𝑡=𝑒𝑥𝑝∫𝑃𝑡𝑑𝑡
	and the solution is given by
	(31) 𝑥𝑡=∫𝑢𝑡𝑄𝑡𝑑𝑡+𝐶𝑢𝑡
	For Eq. (28), for each discrete species i,
	(32) 𝑃𝑖𝑡=−−𝐹𝐿+𝑉𝐾𝑖+1−𝐾𝑖𝑉𝐿+𝑉𝐾𝑖−𝑉𝐿+𝑉𝐾𝑖𝑑𝐾𝑖𝑑𝑡+1−𝐾𝑖𝐿+𝑉𝐾𝑖𝑑𝑉𝑑𝑡
	(33) 𝑄𝑖𝑡=𝑧𝑖𝐹𝐿+𝑉𝐾𝑖
	The integrating factor for each species, i, is given by
	(34)𝑢𝑖𝑡=𝑒𝑥𝑝−0𝑡𝑃𝑖𝑡𝑑𝑡
	and the solution for each species mole fraction is given by
	(35) 𝑥𝑖𝑡=0𝑡𝑢𝑖𝑡𝑄𝑖𝑡𝑑𝑡+𝑥𝑖0𝑢𝑖𝑡
	where it can be shown that the constant of integration in Eq. (31) equals the initial value xi(0).
	In this way, all discrete mole fractions and fluxes can be calculated at all times using DQMoM with delumping. Because the integrating factor method is exact, the accuracy of the method is determined by the accuracy of DQMoM and the accuracy of the numerical integration in the delumping step. Although matrix exponentials can be used for integrating factors for coupled systems of linear ODEs, application of the delumping procedure is restricted to models without nonlinear terms in Eq. (5) other than those associated with the mixture as a whole. This would preclude reactions between individual metaplast species that lead to nonlinearities, such as biomolecular recombination in the liquid phase.7
	3. Test case
	3.1. Modified CPD model
	3.2. Numerical approach

	To test the tar vaporization model, a method for determining the terms 𝑧𝑖 and 𝐹, which depend on the decomposition kinetics, is required. The model is tested using the CPD model for lattice statistics, decomposition kinetics and molecular fragment distribution, reformulated in rate form.14 Terms for the “feed” stream of lumped tar fragments, 𝑓𝑙𝑢𝑚𝑝,𝑘, are calculated on an instantaneous rate basis.14 The calculation of the evolution of light gases employs the improved version of the CPD model of Jupudi et al.41 with light gas evolution and initial functional group compositions based on FG-DVC.42 The parameters used in the model are shown in Table 1 and are based on a bituminous coal.
	Table 1. CPD model parameters for test case.
	Value
	Parameter
	4.6
	Coordination number, σ + 1
	0.61
	Initial fraction of intact labile bridges, L0
	0
	Initial fraction of char bridges, c0
	267
	Average molecular weight of cluster
	To test the accuracy and efficiency of DQMoM for many discrete tar/metaplast species, the tar molecular fragment distribution generated by the CPD model is combined with a calculation from a Monte Carlo simulation for the discrete tar species. The purpose of this pairing is to convert the coarse 𝑓𝑙𝑢𝑚𝑝,𝑘 from the CPD model (20 molecular weight bins, k) to a discrete 𝑓𝑖 for many discrete species, i. The Monte Carlo calculation yielded the final counts for each of 641 discrete species with molecular weights ranging from 92 to 5822 amu, whereas the 20 fragment lumps in the CPD model are characterized by their average molecular weights, which evolve in time and have increments of roughly 300 amu. At every time step, the maximum and minimum of each of these fragment bins in the CPD model is calculated as the molecular weight halfway between a bin's average molecular weight and that of its neighbor. The instantaneous generation rate of every discrete species is then calculated as the final mole fraction of the discrete species within the bin's limits calculated by the Monte Carlo model (the bracketed term in Eq. (36)) multiplied by the instantaneous generation rate for that bin from the CPD model:
	(36) 𝑓𝑖𝑡=𝑓𝑙𝑢𝑚𝑝,𝑘𝑡𝑧𝑖,𝑀𝐶𝑡𝑓𝑖𝑛𝑎𝑙𝑏𝑖𝑛𝑚𝑖𝑛𝑏𝑖𝑛𝑚𝑎𝑥𝑧𝑖,𝑀𝐶𝑡𝑓𝑖𝑛𝑎𝑙
	The instantaneous mole fraction of each discrete species in the feed is then given by:
	(37) 𝑧𝑖𝑡=𝑓𝑙𝑢𝑚𝑝,𝑘𝑡𝑘𝑓𝑙𝑢𝑚𝑝,𝑘𝑡𝑧𝑖,𝑀𝐶𝑡𝑓𝑖𝑛𝑎𝑙𝑏𝑖𝑛𝑚𝑖𝑛𝑏𝑖𝑛𝑚𝑎𝑥𝑧𝑖,𝑀𝐶𝑡𝑓𝑖𝑛𝑎𝑙
	For illustrative purposes, random fluctuations are added to the mole fraction of each species predicted by the Monte Carlo model, zi, MC(tfinal), because there were many heavy species for which zi, MC(tfinal) was identical. The total rate of fragment and gas generation is then given by
	(38)𝐹=𝑖=1𝑛𝑓𝑖+𝑓𝑔𝑎𝑠
	This method of combining cumulative Monte Carlo data with instantaneous generation rates of lumped fragments is somewhat ad-hoc, but serves the purpose of testing the performance of DQMoM and delumping for pyrolysismodels with many tar species. The particle temperature for the test-case is shown in Fig. 2 and is chosen to represent conditions in a rotary reactor.
	/
	Fig. 2. Temperature vs. time for the test case.
	MATLAB was used to code a rate-based version of the CPD model with the generation of 641 discrete species with the DCM and DQMoM versions of the VLE submodel. Both the DCM and DQMoM versions of the models included four ODEs associated with the rate-based CPD decomposition scheme14 and 17 additional ODEs for the light gas evolution model.41 In addition to this computational “overhead,” the DCM solved 641 ODEs for each xi (Eq. (5)), as well as Eqs. (3), (6). DQMoM using N = 4 nodes solved eight ODEs for the weights and nodes of the distribution in Eq. (21), as well as Eqs. (25), (27). Integration of the differential-algebraic system was performed using the IDA solver.43 In both the full discrete and DQMoM models the relative tolerance was 1 × 10− 5. Consistent initial condition for xi, wj, Ij, L and 𝑉 were calculated.23 The delumping integrals were performed using the trapezoid rule. Although it is possible to perform delumping following every time step,30 delumping was performed following integration of the entire solution from the initial to the final time.
	4. Results and discussion
	The accuracy and computational efficiency of DQMoM and delumping for coaltar vaporization will be compared to the full discrete model, which it seeks to approximate, and which is exact for this purpose. Typically, three or four nodes are sufficient to achieve satisfactory performance using DQMoM. The temporal evolution of the weights and nodes for the liquid mole fraction distribution using four nodes (N = 4) are shown in Fig. 3. The weights and nodes are well-behaved, and it was verified that the weights summed to one. The time at which the nodes begin to adjust themselves to represent the evolving liquid distribution, in Fig. 3b, is the time at which pyrolysis begins in earnest.
	/
	Fig. 3. Evolution of (a) weights, and (b) nodes for DQMoM with N = 4.
	The performance of DQMoM is compared to the full discrete model in Fig. 4, which shows the evolution of the total vapor flow rate, 𝑉, an important variable characteristic of the entire tar mixture. Excellent agreement between DQMoM and the full DCM is observed, including for the blip around 7 s, using either three or four nodes for DQMoM. Pyrolysis begins when the temperature reaches approximately 450 °C. It is noted that the figures employ the per cluster normalization of the CPD model.
	/
	Fig. 4. Evolution of the total vapor flow rate for the full DCM and for DQMoM with N = 3 and N = 4.
	Fig. 5 shows the evolution of the total accumulated liquid (metaplast), L, another variable characteristic of the entire mixture. Using four nodes, the agreement between DQMoM and the full DCM is quite good, while DQMoM using three nodes fails to capture the evolution of metaplast accumulation as accurately.
	/
	Fig. 5. Evolution of the accumulated metaplast for the full DCM and for DQMoM with N = 3 and N = 4.
	The approximation of the mean molecular weight is another important characteristic to be captured by pyrolysis models. The mean metaplast molecular weight is calculated using the first moment of the liquid distribution and shown in Fig. 6. After pyrolysis begins in earnest at roughly 6.5 s, the mean molecular weight is roughly 700 kg/kmol. Using four nodes, DQMoM qualitatively captures the initial increase in mean molecular weight, its decrease beginning at 6.9 s, and its subsequent increase after 7.6 s. Quantitative agreement between DQMoM and the DCM is satisfactory, however, a discrepancy beyond 8.5 s is noted.
	/
	Fig. 6. Evolution of the mean metaplast molecular weight for the full DCM, for DQMoM with N = 4 and after the delumping step.
	As discussed in Section 2.3, application of the delumping procedure enables calculation of variables associated with individual species from a CTM. Prior to a comparison of the detailed tar and metaplast species predictions, it is noted that the delumped solution can also be used to improve predictions for variables characteristic of the mixture as a whole, such as mean metaplast molecular weight. While stand-alone DQMoM yielded satisfactory results for this variable, Fig. 6 shows that the mean molecular weight based on the delumped solution produces good quantitative agreement with the DCM solution at all times.
	Fig. 7 compares the discrete liquid mole fraction distributions calculated by DQMoM (N = 4) followed by delumping to the full DCM calculations for three times during the pyrolysis process. Although species with molecular weights up to 5822 kg/kmol are produced in small quantities, only species up to 2000 kg/kmol are shown for clarity. Agreement between the two approaches is quite good, both for the dominant metaplast species with molecular weights below 1200 kg/kmol, as well as for heavier species present in lower concentrations, shown in the inset.
	/
	Fig. 7. Discrete metaplast mole fractions for the full DCM and DQMoM with delumping (N = 4) at 8 s.
	Although the liquid mole fractions are the state variables, the flow rates of tar species are the most important discrete outputs from the model. Fig. 8 compares discrete tar vaporization rates calculated by DQMoM with delumping to those calculated by the full DCM. Excellent agreement is observed for both the lighter species that dominate the tar at these pyrolysis temperatures, as well as the heavier species that largely remain in the particle. Again, only a portion of the distribution is shown for clarity.
	/
	Fig. 8. Discrete tar vaporization rates for the full DCM and DQMoM with delumping (N = 4) at 8 s.
	The accuracy of the delumped solution is quantified in Fig. 9, accounting for the contribution of every species as a function of time, using the relative error in the 2-norm for the approximate DQMoM with delumping, compared to the exact DCM
	(39) 𝑒𝑟𝑟𝑡=𝑖=1𝑛𝑛𝐷𝐶𝑀𝑖𝑡−𝑛𝐷𝑄𝑀𝑜𝑀+𝑑𝑒𝑙𝑢𝑚𝑝𝑖𝑛𝑔𝑖𝑡212𝑖=1𝑛𝑛𝐷𝐶𝑀𝑖𝑡212
	/
	Fig. 9. Relative error in the two-norm as a function of time for DQMoM with delumping (N = 4) compared to the full DCM.
	The error is < 1% at all times for DQMoM with four nodes, indicating that DQMoM with delumping produces an excellent approximation to the full discrete model.
	The computational efficiency of DQMoM and delumping for N = 3 and N = 4 is compared to the full DCM in Table 2. Each entry is based on an average of three runs on a desktop machine with a single quad core processor running at 3.4 GHz. DQMoM with delumping reduces the computational cost by over 90% for the test case with 641 species. Although the computational savings would be smaller if fewer discrete tar species were modeled, it is also noted that the computational overhead associated with the 17 ODEs for light gas generation,41 some of which are numerically stiff, decreases the CPU time reduction achieved by implementation of DQMoM. It is also noted that the delumping step typically contributes only about 5% of the computational cost of DQMoM with delumping.
	Table 2. Comparison of CPU time and relative error for DQMoM with delumping (N = 3 and N = 4) and the full DCM.
	Relative error (2-norm)
	CPU time (% reduction)
	–
	1080 s (−)
	DCM
	1.34%
	88.50 s (91.7%)
	DQMoM + deluming (N = 3)
	0.57%
	102.90 s (90.3%)
	DQMoM + deluming (N = 4)
	Despite the significant computational savings realized using DQMoM with delumping, the approach is currently too slow for CFD. For instance, the original version of the CPD model, which is often incorporated in CFD codes, runs in a fraction of a second. One potential application of the model is in simulating tar species production in coal-to-chemicals processes, in which the pyrolysis/tar vaporization model is applied to a large number of temperature histories representing different particle trajectories through realistic reactors. Such temperature-time profiles can be obtained from analysis of granular flow simulations.44 The pyrolysis calculations might be performed for a variety of reactor operating conditions, resulting in repeated application of the tar vaporization model. The order-of-magnitude computational savings of DQMoM and delumping has the potential to alleviate what might otherwise be prohibitive calculation times in such a study.
	The relative error of DQMoM with delumping, combining all discrete times, k, is also reported in Table 2, using the relative error in the 2-norm for all species and all times simultaneously
	(40)𝑒𝑟𝑟=𝑘=1𝐽 𝑖=1𝑛𝑛𝐷𝐶𝑀𝑖,𝑡𝑘−𝑛𝐷𝑄𝑀𝑜𝑀+𝑑𝑒𝑙𝑢𝑚𝑝𝑖𝑛𝑔𝑖,𝑡𝑘212𝑘=1𝐽 𝑖=1𝑛𝑛𝐷𝐶𝑀𝑖,𝑡𝑘212
	This metric accounts for the fact that minimal pyrolysis occurs at early times and that many species are present in lesser amounts. With relative errors below 2%, it is concluded that DQMoM with delumping is an accurate and computationally efficient alternative to full discrete component models.
	5. Conclusions
	DQMoM is proposed for efficient modeling of tar vaporization during coal particle pyrolysis without assuming any functional form for the distribution of tar or metaplast species. Using just four nodes and weights to represent a mixture of 641 species, DQMoM has been shown to accurately predict the evolution of total tar and light gas vaporization rates, the accumulation of metaplast and other characteristics of the species distribution, such as mean molecular weight. The DQMoM approach for multicomponent VLE can be combined with a variety of kinetic decomposition mechanisms that might be employed for coal pyrolysis. Although demonstrated here for a multicomponent VLE formulated as a DAE system, DQMoM can also be applied to a computationally simpler ODE formulation.
	A delumping procedure has also been applied to recover information on the instantaneous tar vapor fluxes and metaplast mole fractions for every discrete species. Delumping is applicable whenever the nonlinearity in the governing equations is associated with the mixture as a whole. This is the case for the extended CPD model3 and for models based on lumped fragment species parametrized by Monte Carlo or molecular dynamics results, such as the test case presented, but not for models in which molecular fragments react with one another in the liquid phase producing nonlinear terms. The combination of DQMoM with delumping was compared to a full DCM and excellent agreement was obtained for the 641 discrete mole fractions and tar vaporization rates, with substantial computational savings.
	Nomenclature
	C constant in Eq. (31)
	f(I) function multiplying weight function in Eq. (13)
	𝐹 molar flow rate of feed
	I distribution variable (molecular weight)
	Ki equilibrium constant
	kcross CPD rate constant for cross-linking
	L moles total liquid (metaplast)
	li moles of liquid species i
	mk kth moment
	MW molecular weight
	N number of nodes
	N number of discrete species
	P pressure
	P(t) function in Eq. (29)
	Q(t) function in Eq. (29)
	S source term
	T temperature
	t time
	u(t) integrating factor
	V moles total vapor
	𝑉 total molar flow rate of vapor
	vi moles of vapor species i
	wj weight
	x liquid mole fraction
	y vapor mole fraction
	z feed mole fraction
	α parameter in vapor pressure correlation
	β parameter in vapor pressure correlation
	γ parameter in vapor pressure correlation
	Subscripts
	Gas light gas
	Final at the final time
	i discrete species index
	j node index
	k moment order index, or fragment index in Eqs. (36), (37), or timestep index in Eq. (40)
	lump CPD fragment
	MC Monte Carlo
	tot total (for all species or nodes)
	v vapor
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