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Geometry Based Synthesis of Planar
Compliances with Redundant Mechanisms
Having Five Compliant Components

Shuguang Huang

Department of Mechanical Engineering, Marquette University, Milwaukee, WI

Joseph M. Schimmels
Department of Mechanical Engineering, Marquette University, Milwaukee, WI

Abstract

In this paper, a geometric approach to the passive realization of any planar compliance with a redundant
compliant mechanism is presented. The mechanisms considered are either simple serial mechanisms consisting
of five elastic joints or simple parallel mechanisms consisting of five springs. For each type of mechanism,
realization conditions to achieve a given compliance are derived. The physical significance of each condition is
identified and graphically interpreted. Geometry based synthesis procedures to achieve any given compliance
are developed for both types of mechanisms. Since each realization condition imposes restrictions solely on the
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mechanism geometry, the procedures allow one to choose the geometric properties of each component (from a
set of admissible options) independently from the selection of the elastic properties of each component.

Keywords
Compliance synthesis, Passive realization of compliance, Redundant compliant mechanisms

1. Introduction

In robotic manipulation, compliance is a common means of providing force regulation and stable positioning
relative to constraints [1], [2]. For small, quasi-static elastic deformations from equilibrium, a linear relationship
exists between a twist (the displacement and rotation in Cartesian space) and a wrench (force and moment in
Cartesian space). This relationship can be represented by a symmetric positive semidefinite (PSD) matrix,

the compliance matrix C, or the stiffness matrix K, the inverse of C.

A rigid body suspended by a compliant mechanism can achieve a general elastic behavior. A compliant
mechanism consists of elastic components connected in different ways. Fig. 1 illustrates two types of simple
compliant mechanisms. In a serial mechanism (Fig. 1a), each joint is loaded with a joint compliance; in a parallel
mechanism (Fig. 1b), each spring is connected independently to the suspended body. For both types of
mechanisms, each joint compliance/stiffness can be obtained with a conventional torsional/translational spring
or can be controlled in real-time using variable stiffness actuation (VSA) [3]. Thus, mechanisms considered are
compliant mechanisms with lumped compliances. The elastic behavior of a compliant mechanism depends on its
configuration and the value of compliance/stiffness of each joint/spring. As such, Cartesian compliance synthesis
(or realization) requires identification of both the mechanism configuration and the compliance/stiffness of each
joint/spring. In many robotic tasks, the configuration of the manipulator is an important concern due to physical
constraints. Identification of the compliance realization conditions (both on the configuration and on the elastic
component properties) is the primary motivation for this work. In addition, a better understanding and
interpretation of these conditions for relatively simple compliant mechanisms yields a new means of compliant
mechanism synthesis and provides insight into the design of hybrid serial/parallel compliant mechanisms.

(a) (b)
Fig. 1. Simple redundant compliant mechanisms with five components. (a) A 5-joint serial mechanism with joint

compliances ¢; = 0. The location of each joint J; is presented by a position vector 1. (b) A 5-spring parallel mechanism
with spring rates k; > 0. The axis of each spring is represented by wrench w; and r; is the perpendicular vector from the
frame to w;.

In the design of a compliant mechanism, the space of realizable compliances with the mechanism is an
important consideration. Since variable stiffness actuators enable joint stiffness to vary in real-time, the
realizable space of compliances is significantly increased. However, as shown in [4], [5], [6], an arbitrary
compliance cannot be achieved by varying the joint compliance/stiffness alone. The realizable space of
compliant behaviors is highly restricted by the mobility of the mechanism. In order to further increase the
mechanism mobility and enlarge the realizable space, mechanisms with kinematic redundancy can be used. Due
to the increase in degrees of freedom, a redundant serial manipulator can reach an even larger space of
compliances because the configuration of the mechanism can vary without affecting the pose of the end-
effector.
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1.1. Related work

Many researchers have studied general spatial compliant behaviors. Screw theory [7], [8], [9], [10], [11] and Lie
groups [12] have been widely used in spatial compliance analysis.

In previous work in spatial compliance realization, the conditions on stiffness/compliance that can be passively
realized by simple parallel/serial compliant mechanisms have been identified [13], [14]. Synthesis procedures for
any stiffness/compliance that is realizable with a simple compliant mechanism have been developed and

refined [13], [14], [15], [16]. The realization of an arbitrary spatial compliance/stiffness using more complicated
compliant components (helical joints in a serial mechanism or screw springs in a parallel mechanism) has also
been addressed [17], [18], [19], [20]. In these approaches, the compliant behavior realization depends on a
compliance/stiffness matrix decomposition into rank-1 components. In each process, mechanism geometry was
not considered or constrained.

In more recent research, spatial compliance realization procedures that take into account some mechanism
geometric properties have been developed [21], [22], [23], [24]. In our most recent work in spatial compliance
realization [25], a geometry-based approach to realizing an arbitrary compliance was presented. In the synthesis
procedure, each elastic component is selected from a restricted space based on its location, direction, and/or
pitch.

In recent work on the realization of planar compliance, achieving a specified planar translational compliance
(point compliance in Euclidean space E(2)) using a 3R serial mechanism having given geometry has been
addressed [26]. In the approach, an optimization was used. In [27], [28], methods to achieve

an isotropic compliance in 2- and 3-dimensional Euclidean spaces with a simple serial mechanism were
presented. In [4], conditions on mechanism geometry to attain every point compliance in E(2) were identified,
and synthesis procedures to achieve any given compliance in E(2) using a 3 revolute-joint mechanism with
given link lengths were developed. In [5], the results for 3R mechanisms [4] were extended to general 3-joint
mechanism (containing revolute and prismatic joints) having given (constrained) geometry.

In [29], a general 3 x 3 planar compliance (in SE(2)) synthesis procedure for the design of a 4-spring parallel
mechanism having a specific symmetric structure was developed. In [6], a geometric synthesis procedure for a
general planar compliance with a 3-component (non-redundant) compliant mechanism was presented. Most
recently, compliance realization with a redundant mechanism consisting of 4 compliant components was
addressed [30]. Realization conditions on the mechanism configuration to achieve a given compliance was
identified. Synthesis procedures based on the mechanism geometry were developed.

1.2. Contributions of the paper

The limitations of prior work are best expressed in terms of serial mechanisms. The main limitation of previous
work for 3J and 4J mechanisms is that the realizable space of compliant behaviors achieved in each mechanism
is very limited. It is known that the space of all passive planar compliances is a 6-dimensional cone (the 3 x 3 PSD
cone). The space of compliances that can be achieved at a configuration of a n-joint mechanism is a n-
dimensional polyhedral subcone. Although an arbitrary compliance can be realized with a 3/ or 4/ mechanism by
properly choosing the joint locations, the set of acceptable joint locations is highly constrained.

When a 3R mechanism is considered for the realization of a compliance, the realization conditions impose three
equality constraints on the mechanism configuration [6], i.e., a wrench passing through any two joint locations
must yield a twist centered at the location of the third joint [6]. Because a 3R mechanism does not have
redundancy, there is a unique mechanism configuration when the locations of the mechanism base and end-
effector are specified. Since the realization conditions on 3/ mechanism are extremely restrictive [6], it is highly
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unlikely (if not impossible) that a desired compliance can be achieved at a specified endpoint pose, even with
infinite variability in joint elastic behavior.

When a redundant mechanism consisting of 4 compliant components is considered (which increases the
dimension of the realizable compliance space at a configuration by one), the realization conditions are still highly
restrictive. Geometrically, the realization conditions require that a wrench passing through two joints yields a
twist centered on a line segment connecting the other two joints. If the base location of the mechanism and
pose of end-effector are specified, the remaining two joints must satisfy two equality conditions and four
inequality conditions simultaneously to achieve the desired compliance. Since the space constrained by the
realization conditions is so small, an arbitrarily specified compliance is still unlikely to be achieved by the
mechanism.

It can been seen that the limitations of 3/ and 4J mechanisms for compliance realization are related to their
limited number of controllable compliant components. Thus, an investigation into compliance realization using
mechanisms with additional compliant components is needed. Because the space of planar compliance is 6
dimensional, increasing the number of components to 5 will increase the dimension of the space of realizable
compliance behaviors.

This paper addresses planar compliance synthesis with a redundant mechanism having five compliant
components. The approaches developed for mechanisms of three and four compliant

components [6], [30] cannot be used directly for this case for the following reasons: (1) the realizable
compliance space of a 5-component mechanism is not simply the union of compliance subspaces realized with
all combinations of three and four components in the mechanism (the contributions of all components must be
considered simultaneously); (2) although the constraints on compliance are less restrictive due to the reduced
number of equality conditions, the number of inequality conditions for passive realization is increased; and (3)
the geometric significance of each realization condition is completely different due to the increase of compliant
components.

The main contributions of the paper are:

e identification of necessary and sufficient conditions for 5-component mechanisms to realize an arbitrary
compliance;

e identification of the geometric significance of each realization condition and interpretation of these
conditions in terms of mechanism geometry;

e development of geometry-based synthesis procedures for both 5-joint serial mechanisms and 5-spring
parallel mechanisms for the realization of an arbitrary compliance.

1.3. Overview

This paper presents a geometric approach to the design of a redundant compliant mechanism having five
compliant components that passively realizes an arbitrary planar compliance. Realization conditions on
mechanism configurations for an arbitrarily given compliance are identified. Geometry based synthesis
procedures are developed for both 5-joint serial and 5-spring parallel mechanisms. With these procedures, the
realization of any given compliant behavior can be accomplished by choosing each elastic component based on
its geometry from an allowable space. Section 2 provides some background needed for the realization of a
compliance by a simple serial/parallel mechanism. In Section 3, realization conditions on the mechanism
configuration to achieve a given compliance are identified. In Section 4, the geometric significance of each
realization condition is presented. In Section 5, geometry based synthesis procedures are developed for both
types of mechanisms. In Section 6, numerical examples are presented to demonstrate the synthesis process. A

brief conclusion and summary are provided in Section 7.
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2. Technical background

In this section, some background needed for the realization of a planar compliant behavior with a simple
serial/parallel mechanism is presented. For each type of mechanism, only simple compliant components (no
helical joints or screw springs) are needed.

2.1. Screw representation of a mechanism configuration
Consider a serial mechanism having n joints J; (i = 1,2, ..., n) as shown in Fig. 1a. Each joint can be described by
a planar unit twist (the joint twist). In Pliicker axis coordinates, the joint twists associated with a revolute

joint J; and prismatic joint ], are:

=2 = 3]

whereu =r X i(,, r is the position vector of |, k is the unit vector orthogonal to the mechanism plane, and 1l is
the (unit) vector along the axis of /,.

If a twist t.; is specified, the center of the twist, T, can be calculated using
(2) r=Su
where S € R?*? js the skew-symmetric matrix:

0 —1].

(3) 52[1 0

Thus, once a joint twist t; for a revolute joint is identified, the location of the joint J; = T; is uniquely determined
as illustrated in Fig. 2a. Since a twist t,, associated with a prismatic joint has infinite pitch (free vector), it only
determines the direction of the prismatic axis. The joint location is arbitrary in the plane.

Ji=T;
® (x, ») o
d
¥ . Ij = wj
0

(a) (b)
Fig. 2. Screw representation of the location of a mechanism component. (a) The location of joint J; in a serial mechanism
can be represented by a unit twist t;. (b) The axis of a spring in a parallel mechanism is represented by a unit wrench w;.

0

For the parallel mechanism shown in Fig. 1b, each spring can be described by a planar unit wrench (the spring
wrench). In Pliicker ray coordinates, the spring wrenches corresponding to a line (translational) spring and a
torsional spring are:

N

@ w,= [ = [0

where fi is a (unit) vector along the axis of spring, d = (r X i) - k,, and r is the orthogonal vector from
frame O to the spring axis as shown in Fig. 2b.

If a wrench w,, is specified, the location of its axis (the line of action ) is determined by the perpendicular
vector r, which can be determined using

(5) r=—dSn,
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where matrix S is defined in Eq. (3).

Thus, once a spring wrench w), associated with a line spring is identified, the axis of the spring [ is uniquely
determined. Since the spring wrench w; in Eq. (4) has infinite pitch, a torsional spring can be located anywhere
in the plane.

2.2. Screw product of a twist and wrench

Since the center of a twist t, T, is independent of its density (magnitude), a scalar multiplication of a twist does
not change its location. Similarly, a scalar multiplication of a wrench does not change its line of action [. For
planar cases, a point T is uniquely identified by a unit twist £. A line [ is uniquely identified by a unit wrench W.

The screw product (reciprocal product) of a twist t and a wrench w, if expressed in Pliicker axis and ray
coordinates respectively, is defined as

wit=t'w
which indicates the work done by the wrench along the twist.

If tis a finite pitch unit twist expressed in Eq. (1) and w is a finite pitch unit wrench expressed in Eq. (4), then the
reciprocal product of t and w indicates the distance from the twist center of t to the axis of w, i.e., if a point T is
represented by a unit twist t and a line [ is represented by a unit wrench w, then the distance from T to [ is
calculated by

6) d =wlt=tTw.

A twist t and a wrench w are called reciprocal [7] if the screw product of the two is zero:
(7)) wTt=tTw =0,

which indicates that the wrench w does no work along twist t.

For planar cases, the reciprocal relationship of a twist t and wrench w can be represented geometrically if both
have finite pitches. If T is the center of t and [ is the axis of w, then t and w are reciprocal if and only if T is on L.
Note that the reciprocal product of two screws is coordinate frame independent.

2.3. Compliance achieved by a passive elastic mechanism
Consider a n-joint serial mechanism. Each joint has joint twists t; and joint compliancec; = 0 (i =1, ...,n). The
Cartesian compliance C at the configuration is [18]:

(8) C=cit th + cyt th + - + ¢, t, th.
This equation can be express in the form:
(9) C=TCT7,

where T = [ty, t;, ..., t,] and C; is the (diagonal) joint compliance matrix C; = diag[cy, ¢5, ..., ¢, ]. Since each
column of T presents a unit twist contributed by a joint, T is the Jacobian of the serial mechanism. Thus, the
realization of Cartesian compliance matrix C requires that an appropriate set of joint twists t; (or the mechanism
Jacobian) and corresponding joint compliances c; are identified. In general, due to the non-uniqueness of the
decomposition in Eq. (8), there is an infinite number of mechanism configurations that can realize a given C.

Dual to serial mechanism realization, for a parallel mechanism having spring wrenches w; and spring
stiffnesses k; = 0 (i = 1,...,n),the Cartesian stiffness K [17] is:
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(10)K = kywyw! + - + k,w,w].
Similar to the serial case, Eg. (10) can be expressed as
(11)K = WK,W7,

where W = [wy, w,, ..., w,, ] and K| is the diagonal joint stiffness matrix K; = diag[k;, k5, ..., ky]. Since each
column of W presents a unit wrench imposed by each spring, W is the Jacobian of the parallel mechanism.
Thus, the realization of Cartesian stiffness K requires that an appropriate set of spring wrenches w; (or the
mechanism Jacobian) and the corresponding spring stiffnesses k; = 0 are identified.

Note that Eq. (8) for the Cartesian compliance of a serial mechanism and Eqg. (10) for the Cartesian stiffness of a
parallel mechanism each applies for a general n-component mechanism (for both redundant and non-redundant
mechanisms). It can be seen that if used for the realization of a full-rank 3 x 3 compliance or stiffness matrix, a
mechanism must have at least 3 components (n = 3). Due to the rank deficiency of a prismatic joint twist and a
torsional spring wrench, a serial mechanism containing prismatic joints alone can only attain a rank-2 matrix,
and a parallel mechanism containing only torsional springs can only attain a rank-1 matrix. Hence, if a serial
mechanism is used to realize a full-rank compliance matrix, it must have at least one revolute joint; and if a
parallel mechanism is used to realize an arbitrary stiffness, at least two line springs must be used. Realization of
a given compliance requires conditions on the locations of revolute joints (represented by joint twists) of a serial
mechanism, and conditions on the spring axes (represented by spring wrenches) of a parallel mechanism. Since
each joint twist t; and each spring wrench w; has geometric meaning, using screw representation, mathematical
conditions for compliance realization can be interpreted in terms of mechanism geometry and expressed
graphically in the plane.

3. Realization conditions

In this section, realization conditions for a 5-component compliant mechanism to achieve a given compliance
are identified. Serial mechanisms are considered first. Then, by duality, the results are modified and extended to
parallel mechanisms.

3.1. Realization conditions for 5-joint serial mechanisms

Consider a 5-joint serial mechanism. Each joint J; is represented by joint twist t; (i = 1,2, ...,5). A line that
passes through two joints J; and J; (represented by a wrench wyj;) satisfies the reciprocal conditions for
both t; and t;:

(12)w/;t; = Oandw/;t; = 0.

Since a scalar multiplication of a wrench does not change its axis, wj; can be calculated by
(13)w;; = a(t; X t;),Vi # J,

where a is an arbitrary scalar.

Suppose that a symmetric matrix C is expressed as:

(14)C = 1t t7 + ot th + c3tth + c tyth + cststl,

and suppose that wrench wy, passes through joints /; and J,; and wrench ws, passes through joints /3 and J,.

Then, using Eq. (12),
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Cwi, = (atyt] + cotyt]h + catsth + cutyt] + cststl )wy,
= c3(tEwip)ts + ey (W)t + ¢5 (tgwu)ts-

Applying Eq. (12) again to the above equation yields:
(15)W3,Cwy, = c5(tiwy,) (tEwsy).

Applying the same process with w;3 and w,, yields:
(16)wz,Cwyz = C5(t€W24)(t§W13).

Solving both Egs. (15) and (16) for c5 yields:

\ WiaCwig — wl,Cwy,
’(t£w24)(t§w13) (tTwi)(tTwss)

In general, if the decomposition (14) applies to C, then, for any permutation (i, j, p, q, ) from {1, 2, 3, 4, 5}

(17

T T
w; ]-prq Wip Cw jq

18\ =
8 T (o) ~ i) ()

where w;; is a wrench passing through the centers of t; and t; (J; and J;) defined in Egs. (12) or (13).

Thus, Eq. (18) is a necessary condition for C to be achieved at a configuration of a 5-joint serial mechanism.
Using a process similar to that presented in [30] for 4-component mechanisms, it can be shown that Eq. (18) is
also a sufficient condition. Thus, if Eq. (18) is satisfied for one permutation, then it must be satisfied for all
permutations; and if matrix C can be decomposed into the form of (14), then for every permutation (i, j, p, q, )
from {1, 2,3, 4,5},

T T
Wijcwpq wipr]-q

T T - T T .
Wijtr)(""mtr) (Wiptr)(qutr)

Therefore, satisfaction of condition (18) for any one permutation (i, j,p, q,7) of {1, 2, 3, 4, 5} is a necessary and
sufficient condition for C to be decomposed into the form of (14). Note that in the decomposition of Eq. (14), no
restriction on each coefficient c; is yet imposed. This means that if condition (18) is violated for one
permutation, the mechanism cannot achieve the given C at the configuration even if each joint compliance can
vary indefinitely in (—oo, +0).

(19)c, = (

For a PSD compliance matrix C to be realized passively (using conventional springs or variable stiffness
actuation), each joint compliance must be nonnegative, which requires ¢, = 0in Eq. (19). It is readily shown
that, if for any five permutations with r being each of the joints (r = 1,2,3,4,5),

wiTijpq -
(wiit:)(whety) —

then, the inequality conditions must be satisfied for all permutations of {1, 2, 3, 4, 5}. Thus, the realization
conditions can be summarized as:

Proposition 1

Suppose t;(i = 1,2,...,5) are the joint twists of a 5-joint serial mechanism. A given compliance C can be achieved
passively at the mechanism configuration if and only if the following conditions hold:

(i) For any one permutation (i, ],p, q,7) of {1, 2, 3, 4, 5},
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T T
w; ijpq Wip Cw iq

20\ = e
20 e Y] ~ iy (Erwey0)

(ii) For any five permutations with r = 1,2,3,4,5,

T

(21) > 0.

wiTjtr)(wgqtr) -
Therefore, the realization of a compliance at a given configuration requires the satisfaction of one equality

condition in the form of (20) and five inequality conditions in the form of (21).

3.2. Realization conditions for 5-spring parallel mechanisms
By duality, a set of necessary and sufficient conditions on a 5-spring parallel mechanism to realize a given
stiffness can be obtained.

Suppose that w; ((i = 1,2, ...,5)) are the spring wrenches of a parallel mechanism. If two
wrenches w; and w; intersect at T;;, then the two wrenches must be reciprocal to a twist t;; centered at T;;.
Using the reciprocal condition, t;; can be calculated using

(22)t;; = B(w; x ),

where f is an arbitrary scalar. With appropriate modification, the results of Proposition 1 obtained for a 5-joint
serial mechanism apply to a 5-spring parallel mechanism for the realization of an arbitrary stiffness.

Proposition 2

Suppose w; (i = 1, ...,5)) are spring wrenches of a 5-spring parallel mechanism. A given stiffness K can be
achieved passively by the mechanism if and only if the following conditions hold:
(i) For an arbitrary permutation (i, j,p, q,7) of {1, 2, 3, 4, 5},

T

(23) Kty _ tipKtjq
’(tiTjWT)(tquT) (tiTpWT)(tJT'qWT)'

(i) For any five permutations of (i, j,p,q,r) of {1, 2, 3, 4, 5} withr = 1,2,3,4,5,

thKt
(24)——52— = 0.
(tg}wr)(tngr)
Dual to the serial case, if Eq. (23) holds for any one permutation, then it must hold for all permutations. If
inequality (24) holds for any five permutations (with s = 1,2,3,4,5), then the inequality must hold for all
permutations. Thus, to realize a given stiffness using a 5-spring parallel mechanism, one equality condition in the
form of (23) and five inequality conditions in the form of (24) must be satisfied.

3.3. The uniqueness of the realization

If at a given configuration, a 5J serial mechanism realizes a compliance, the realization is typically unique. This is
due to the fact that, if among the five joint twists no three are linearly dependent (the generic case), then each
joint compliance ¢, calculated by Eqg. (19) is unique regardless of the permutation used in the calculation.
Geometrically, the independence of three joint twists indicates that the locations of the three joints
corresponding to these twists are not located on a single line. Since the mechanism Jacobian is full-rank for this
generic case, the realization is unique for any non-singular configuration. It is easy to see that, at a singular
configuration, the denominators of some c; in Eq. (24)are zero. The joint compliance of joint /- can be uniquely
determined with (i, j, p, q) being any permutation of {1, 2, 3, 4, 5} excluding r, i.e., (i,/,p,q) = {1,2,3,4,5} \ r:
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T
WijCqu
25)¢, = —F~—7—.
(25)cr (wfjtr)(wgqtr)
Although different permutations can be used in calculating c,- using Eq. (25), condition (ii) of Proposition
1 ensures that the joint compliance ¢, obtained is the same for the given set of joint twists at the configuration.

Similarly, if a 5-spring parallel mechanism realizes a stiffness, and if among the five spring wrenches, no three
are linearly dependent, then each spring stiffness k, in the realization must be unique. Geometrically, the
independence of three spring wrenches indicates that the three wrenches do not intersect at a single point or
are not parallel to each other. For this case, the mechanism Jacobian W7 in Eq. (11) is full-rank (has rank 3).
Thus, for a non-singular configuration, each spring stiffness can be uniquely obtained with an arbitrary
permutation (i,,p,q) = {1,2,3,4,5} \ :

tTKt
(26) kr = e ST )

E’Wr) (thqwr)

4. Geometric significance of the realization conditions

The set of realization conditions developed in Section 3 can be viewed in terms of the mechanism geometry.
Since the realization conditions involve the product of two wrenches/twists about a given compliance/stiffness
in Eq. (20) or (23), the physical significance of just the two products is identified first. Then, the geometric
interpretations of all of the realization conditions are provided for the two types of simple 5-component
mechanisms.

4.1. Screw product about compliance

As stated in Section 2.2, if a twist t and wrench w are both unit screws, then the screw product

of t and w indicates the distance from the twist instantaneous center T to the wrench axis . Below, we identify
the physical significance of the product of two unit wrenches about a given compliance C.

Consider two unit wrenches w; and w,. We show that, for a given compliance matrix C, the quantity

(26)h = wicCw,
is related to the location of the compliance center.

Note that h defined in Eqg. (27) is invariant under coordinate transformation for w;, w, and C. To clearly show
the physical significance of h, a coordinate frame located at the compliance center C,. is used initially. In this
coordinate frame, the compliance matrix C has the block diagonal form:

@nc =gt o)

where D is a 2 x 2 symmetric PSD matrix, 0 is the zero 2-vector, and cp > 0 is the

principal rotational compliance of C. Note that with the compliance matrix expressed in this form, the value
of ¢ is unique.

In the compliance center based frame, an arbitrary unit wrench w; has the form:
w; = ,
1 d¢

where d is the distance from the axis of w; to the frame origin, i.e., to the center of compliance C.. The twist
corresponding to wy is:
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Dn,

ol ] = egai]

(29)t1 = CnW1 = |:0T C(;b di‘
The unit twist associated with t, is:
t=——t
(30) 1 — C¢,di 1s,
which has the same center as t;. Premultiplying t; by unit wrench w;, yields:
(31)wity = wj Cowy = (cpdf) (W ty).

Since t;is a unit twist and w;, is a unit wrench, (w t,) indicates the distance from the center of t,, T}, to the
wrench axis of w,. Thus,

(32)W§an1 = Ccp(wftc)(ngl) = C¢,dfd%,,

where t. is the unit twist located at the compliance center C., df indicates the distance from C, to the wrench
axis of wy, and d3 indicates the distance from T; to the wrench axis of w,, as illustrated in Fig. 3a. Similarly,

(33)W] C,w, = cypdSd2,

where d$ indicates the distance from C_ to the wrench axis of w,, d indicates the distance from T, to the
wrench axis of w; (illustrated in Fig. 3b). Since the products in Egs. (33) and (34) are frame independent, and
since C is symmetric, in an arbitrary frame,

(38)w]Cw, = Wl Cw, = cpdfd} = cpd5d3.

Thus, the product h defined in Eqg. (27) is related to the rotational principal compliance of C and the positions
of w; relative to the compliance center.

(a) (b)
Fig. 3. Geometric significance of the product of two wrenches about C.

In a dual development, the product t,Kt; is invariant under coordinate transformation for t;, t, and K. When
expressed in a frame located at its stiffness center Cy, a stiffness K has the following block diagonal form:

A 0
(35)Kn = [OT k¢)] ”

where kg > 0 is the principal rotational stiffness of K and is uniquely determined by the stiffness behavior.

Suppose that t; and t, are two unit twists, and that, in the coordinate frame located at Cy, the two twists have
the form:

(36)t; = [‘;l] =12

Then, the wrench associated with t;acting on K, is:

(37)wy = Kpt; = [:T k(;] 7] = [[;;;1]'
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The unit wrench associated with wj is:

38)W, = ——w
( ) 1_||Au1|| 1

The third component of W is the distance from the wrench axis to the frame origin, which is at the stiffness
center Cy, i.e.,

c— ko
(39)dy = AU, Il

Thus,

(40)tTK,t; = thw, =|l Auy || (tEw,).

Using Eq. (40),
tTw
t'gKntl — k¢( 2 1)

a§ -

Since t, and W, are both unit screws, t W, indicates the distance from T, (the twist center of t, ) to the wrench
axis of wj. Since the product in Eg. (41) is frame independent, in an arbitrary coordinate frame,

tIw
(41)t5Kt; = kg e

where t. is the unit twist located at the center of stiffness. Reversing the order of multiplication yields:

gw,
wlit,’

(42)tTKt, = kg

Since K is symmetric, Egs. (42) and (43) are equal and can be expressed in terms of geometric parameters:

d;
ac’

d2
(43)tTKt, = t7Kt; = kg z = ko

where d? indicates the distance from T, to the wrench axis of wy, d€ indicates the distance from C,, to the
wrench axis of w; as illustrated in Fig. 4a; and where d2 is the distance from T; to the wrench axis
of w,, d$ indicates the distance from Cj, to the wrench axis of w, as illustrated in Fig. 4b.

(a) (b)
Fig. 4. Geometric significance of the product of two twists about K.

4.2. Geometric significance of the realization conditions for serial mechanisms
For a 5-joint mechanism with joint twists t; (i = 1,2, ...,5),, let w;; be the unit wrench reciprocal to
twists t; and t;, then the axis of w;; passes through the two joints, J; and J;. Denote:

tij = CWU

Then, w;; and t;; are solely determined by the mechanism geometry and the desired compliance C. The
realization conditions require that one equality condition in the form of (20) is satisfied and five inequality
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conditions in the form of (21) are satisfied. Below, the geometric significance of each of these conditions is
identified.

4.2.1. Equality condition for serial mechanisms

Using the results presented in Section 4.1, the geometric significance of equality condition (20) can be obtained.
Here, we consider the case [i, ], p, q, 7] = [1,2,3,4,5]. The equality realization condition (20) for this case
requires that

T T
Wi,Cwsy W;3Cwyy

(wWhts)(Whats) — (Whsts)(wi,ts)”

(44)

Using Eq. (35), this can be expressed in geometric terms as:
de,dl dsdi
¢ 55 ;55 — “¢ 5 5 °

di,d3, d33d7,

Since ¢ is constant for a given compliance, the condition is reduced to only geometric terms:

c 412 c 423
d12d34 — d23d14-

S 45 T 45 45
dlZ d34— d23d14

(45)

where d$, is the distance from the compliance center C, to line J;/,, d3 is the distance from the center

of t, to line J3/4, d3, is the distance from Js to line J; /5, and d3, is the distance from Js to line J3/, (each
illustrated in Fig. 5a); and where d$; is the distance from the compliance center C_ to line /,J3, d%3 is the
distance from the center of t,5 to line J;J,, d3; is the distance from Js to line /,/5, and d3, is the distance
from J5 to line J1/,(each illustrated in Fig. 5b). The equality condition (46) requires that the ratios between the
distances in Fig. 5a and 5b must be the same. Thus, the equality realization condition is expressed in terms of
the mechanism geometry and compliance properties.

Fig. 5. Geometric interpretation on the equality condition for serial mechanisms. The distance ratios defined in Eq. (46) for
(a) and (b) must be the same.

4.2.2. Inequality conditions for serial mechanisms

Suppose [;; is the line of action of w;; that passes through joints J; and J;. First, consider the case in

which [;; does not intersect the triangle with the other 3 joints (/,, J; and J,.) as vertices. For the locations of 5
joints shown in Fig. 6, suppose, with no loss of generality, that [;,, the line passing through joints /; and J,, does
not intersect triangle J3/,/5. We show that, for this case, if C is achieved passively at the configuration, the

twist t;, = Cw;,must be centered inside triangle J3/4/5.
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(a) (b)
Fig. 6. Geometric interpretation on the inequality conditions. (a) Twist center Ty, is located in the triangle formed by
joints J3, J, and Js. (b) Twist center T, 5 is located outside the triangle formed by /5, J, and /5 and in the shaded area.

Because Eq. (14) holds for C with each ¢; = 0, substituting Egs. (12) and (14)into t;, = Cwy, yields:
(46)t1, = c3(thwy)ts + cy (i wyp)t, + 5 (t€W12)t5--

Since the line of action of w;, does not intersect triangle J3/4/5, the three vertices are on the same side of 14,.
Thus, ((tTwy,),), (thwy,)and (tgwlz) must have the same sign. Because ¢; = 0 for passive realization, the

coefficients ci(tiTwlz) >0, or ci(tiTwlz) < 0 (i = 3,4,5). Because twist t, in Eq. (47) is a positive (or negative)
combination of the other three unit twists, T;, must be located inside triangle J53/,/5.

Conversely, if Ty, is located inside triangle J3/,/s, then the three coefficients of t; (i =
3,4,5)in (47), (tYwy,),, (tiwy,) and (tIw;, ), must have the same sign, which indicates ¢, ¢4 and ¢s have the
same sign. We show that c3, ¢, and cs cannot be negative.

Because C is a symmetric PSD matrix,
2
WiCwi, = ca(tiwyp)® + oy (thwyy)? + Cs(tgwlz) > 0.

Therefore each ¢; must be non-negative. Thus, for this case, the inequality condition is equivalently represented
by the location of T;,, which is demonstrated in Fig. 6a.

Next, consider the case in which the axis of w;; intersects triangle J,,/,-Js. Here assume, without loss of
generality, that the axis of w3 intersects triangle J5/,/5 (as shown in Fig. 6b). If the compliance C is passively
achieved at the configuration shown, each coefficient ¢; = 0in Eq. (14). Then, similar to Eq. (47), we have:

(47)t13 = ¢, (twya)ty + cy(EhwWy3)t, + 5 (t§W13)t5-

Since /,, /4 and Jg are not all on the same side of wy 3, tiwy,, tiw;5 and tLw;; do not all have the same sign.
Here, suppose that only t}w; 5 and tLw; 5 have the same sign. Thus, the center of t,3, T;3, must be outside the
triangle formed by /,/,/5s and bounded by the two lines /,J, and J,/5(in the shaded area in Fig. 6b). On the other
hand, if point T, 5 is inside the shaded area, the coefficients of t, and tsin (48), c,(tfw;3) and cs (t£w13),, must
have the opposite sign of the coefficient of t,, ¢, (tiw;3). Since (twy;3) has a sign opposite to that

of (tz;wlg) and (tgwlg), €, €4 and c5 have the same sign. Because C is a symmetric PSD matrix, by the same
process used for the first case, ¢,, ¢, and cs must be non-negative.

For a serial mechanism having five joints among which no three are collinear, the realization conditions can be
equivalently interpreted geometrically as:

Proposition 3

A given compliance matrix C can be passively realized at a configuration of a 5-joint serial mechanism if and only
if the following conditions hold:
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(i) The distance ratios for different sets of joints described in Fig. 5a and 5b are the same (satisfy Eq. (46));

(ii) A wrench whose axis passes through any 2 joints, (a) if not intersecting the triangle with the vertices being the
other three joints, when multiplied by C, yields a twist centered in the shaded triangle described in Fig. 6a; (b) if
intersecting the triangle, when multiplied by C, yields a twist centered in the shaded area described in Fig. 6b.

Note that condition (i) in Proposition 3 is equivalent to the equality condition (20) which ensures the
decomposition of the desired compliance C into the form of (14). Condition (ii) for any two

joints J; and J; ensures that the joint compliances for the other three joints are non-negative, and ensures that
three inequality conditions in Eq. (21) are satisfied. Thus, satisfaction of condition (ii) for two sets of different
joints (e.g., {J1, Jo}and {J3, J4}, or {1, J3} and {J, J5}) guarantees all coefficients ¢/'s in Eg. (14) are non-negative,
which ensures the passive realization of C with the 5J serial mechanism.

4.3. Geometric significance of the realization conditions for parallel mechanisms
By duality, the results presented in Section 4.2 for 5-joint serial mechanisms can be modified and applied to 5-
spring parallel mechanisms.

Suppose thatw; (i = 1, ...,5) are spring wrenches of a 5-spring parallel mechanism and suppose that
wrenches w; and w; intersect at T;;. Then the unit twist centered at Tj;, t;;, must be reciprocal to
both w; and w;. Denote:

wij = Ktl]
Then, t;; and w;; are solely determined by the five spring wrenches and the desired stiffness K. The realization

conditions require that one equality condition in the form of (23) is satisfied and five inequality conditions in the
form of (24) are satisfied. Below, the geometric significance of each of these conditions is identified.

4.3.1. Equality condition for parallel mechanisms
Using the results presented in Section 4.1, the equality condition (23) can be written as:

T T
t34W1p t14W23

(tfwi2)(t],ws) (thyws) — (tfwas)(tsws)(t],ws) ™

Since the screw product of a unit twist and a unit wrench indicates the distance from the twist center to the
wrench axis, normalizing the wrenches and twists yields

d34— d14
(48) 12 — 23
agai?al  agaziar”
where dyq is the distance from the twist center of ;; to the wrench axis of wy,,. The geometric meaning of each

distance d;j(]in Eq. (49) is illustrated in Figs. 7a and 7b. The ratios of the distances in Eqg. (49) in the two figures
must be equal. Thus, the equality realization condition is expressed in terms of the mechanism geometry
and stiffness properties.
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Fig. 7. Geometric interpretation on the equality conditions for parallel mechanisms. The distance ratios defined
in Eq. (49) for (a) and (b) must be the same.

4.3.2. Inequality conditions for parallel mechanisms

Suppose a 5-spring parallel mechanism has spring wrenches w; (i = 1,2, ...,5) among which no three are
concurrent or parallel to each other. Dual to Eq. (14), a stiffness K can be passively achieved by the mechanism if
and only if K can be expressed as:

(49K = kywy,w! + kywo,w! + kawawl + kyw,w! + kswsw!,
with each k; = 0.

Suppose that t;; is the unit twist centered at T, the intersection of wrenches w; and w;, and that w;; is the
wrench resulting from L imposed on K, i.e.,

Using a procedure equivalent to that for serial mechanisms, suppose, without loss of generality, (i,)) =
(1,2),, and first consider the case in which T, is located in the triangle formed by the other three
wrenches w3, w,, Ws (as shown in Fig. 8a). For this case, it is shown that the line of action of w;, does not
intersect the triangle.

(b)

Fig. 8. Geometric interpretation of the inequality conditions. A twist centered at T;,, (a) if located in the triangle formed by
wrench axes w3, w, and wg, when multiplied by K, yields a wrench w;, that does not intersect the triangle; (b) if located
outside the triangle, when multiplied by K, yields a wrench w;, that intersects the triangle without crossing the shaded
area.

In fact,

(50)w;, = Kty = ka(Wit))ws + k(W ty)wy + ks (w5Tt12)w5.
Then,

(51)t5,Kt;, = ks(Wity;)(wets,).

Since Ty is in the triangle, Ty, and T, are on the same side of ws. Thus, wi t;, and w! t5, have the same sign,
which together with Eq. (52)indicates t5,Kt;, > 0. Similarly, t3:Kt;, > 0,, t]sKt;, > 0. Summarizing,

(52)t7,Kt;, > 0,t5.Kt;, > 0,t: . Kty, > 0..

If wy, intersects the triangle, it must intersect one of three line segments: T;5T34, T12T35, or T12T45. Suppose
that wy, intersects segment T;,T3,4 at T (as shown by the dashed line in Fig. 8a), and t is the unit twist centered
atT. Then, since T is located between T;, and T34, twist t can be expressed as a positive combination of the two
unit twists t;, and t3y:
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t=aty; + ftsy,
wherea > 0and f > 0.Then,
t'wy, = (aty; + Bta,) Kty = at]Kty, + St Kty, = 0.
Since t1,Kt;, > 0,a > 0andf > 0,
(53)t3,Kty, <0,

which conflicts with the first inequality in (53). Therefore, w;, cannot intersect segment T;,T3,4. By the same
reasoning, wy, cannot intersect segment T;, T35 or segment T;,T45. Thus, w;, cannot intersect triangle J3/,/5.

Conversely, if the line of action of w;, does not intersect the triangle, then, the three

vertices T34, T35 and Ty of the triangle must be on the same side of w;,, and

thus t5, w5, tTswy, and thw;,must have the same sign. Below, we show these three quantities must be
positive. To prove this, we only need to show that t5,w;, > 0,.

Consider the line / passing through T;, and T3, which intersects w,, at T' (as shown Fig. 8a). Since T" is outside
the triangle, it must be outside the segment T;,T5,. Then, the unit twist t' centered at T’ can be expressed as

t’ = (X't12 + ﬁ,t34,,
where the two scalars a’ and 8’ have opposite signs, i.e., @'’ < 0. Since t’ and w;, are reciprocal,
tTwy, = (@'t + B't30) Kty = a't],Kty, + B't],Kty, = 0.

Thus, tT,Kt;, and t%,Kt,, must have the same sign. Because t!,Kt;, > 0, then t%,Kt,, > 0,, satisfying the
first inequality of (53). With similar procedures, the three inequalities in (53) are each satisfied, which implies
that k3, k4 and ks in Eq. (51) are non-negative. Summarizing, coefficients k3, k, and ks in Eq. (51) are non-
negative, if and only if w;, does not intersect the shaded triangle formed by wrenches w3, w,, and ws as
illustrated in Fig. 8a.

Second, consider the case in which T}, is located outside the triangle formed by wrenches w3, w,, and ws.
Using a process similar to that used for the serial case, it can be proved that, for this case, the line of action
of w;, must intersect the triangle without crossing the shaded area described in Fig. 8b.

For a parallel mechanism having five springs among which no three are concurrent or parallel to each other, the
realization conditions can be equivalently interpreted geometrically as:

Proposition 4

A stiffness matrix K can be passively realized with a 5-spring parallel mechanism if and only if the following
conditions hold:

(i) The distance ratios for different sets of wrenches described in Fig. 7a and 7b are the same (satisfy Eq. (49));

(ii)A twist centered at the intersection of 2 spring axes, (a) if located within the triangle enclosed by the other 3
springs, when multiplied by K, yields a wrench that does not intersect the triangle; (b) if located outside the
triangle, when multiplied by K, yields a wrench that intersects the triangle without crossing the shaded area
described in Fig. 8b.

Dual to the serial case, condition (i) in Proposition 4 ensures the decomposition of K into the form of Eq. (50).
Condition (ii) of Proposition 4 for any two springs ensures that the spring stiffnesses for the other three springs
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are non-negative. Thus, satisfaction of condition (ii) for two sets of different springs (e.g., {w;, w,} and {ws, w,},
or {w;, w3} and {w,, w,}) guarantees the passive realization of K with the 5-spring parallel mechanism.

4.4, The compliance center and the mechanism configuration

For any given planar compliant behavior, there is a particular point at which both the compliance matrix and
stiffness matrix can be described in a diagonal form. This unique point is defined to be the center of
compliance/stiffness. It was shown [6], [30] that, if a compliant behavior is passively achieved with a mechanism
having 3 or 4 elastic components, then the center must be located within an area enclosed by the locations of
these components. These results can be extended to mechanisms having five elastic components.

First consider a serial 5/ mechanism. Let [;; be the line passing through J; and J;, and w;; be the unit wrench
associated with [;;. Suppose, with no loss of generality, that [;, does not intersect the triangle with vertices at
the other joints /3, /4, and Js. Then by realization inequality condition (i) of Proposition 3, T; 5, the center of

twist Ty, = Cwy,, must be inside triangle /3/4/5. Since the compliance center and T;, must be on the same side
of [;, [30], C. must be on the same side of ;, as the triangle (the shaded area as illustrated in Fig. 9a). Applying
the same process to all lines [;; that have the other three joints on the same side, the center of compliance must
be within the convex hull formed by the five joints as demonstrated in Fig. 9b.

(a) (b) ()
Fig. 9. Locus of compliance centers C.. (a) When considering only two joints, /; and J,, C, is on the same side of line [, as
triangle J3/4/5. (b) When considering all joints, C. must be within the convex hull formed by the five joints. (c) For a 5-spring
parallel mechanism, the stiffness center C;, must be the within the union of triangles formed by any three spring axes.

Similarly, it can be shown that, if a stiffness is passively achieved by a 5-spring parallel mechanism, the stiffness
center must be inside the union of triangles formed by any 3 spring axes as illustrated in Fig. 9c. Note that for a
5-spring parallel mechanism, the locus area of stiffness centers Cy, is not convex.

5. Compliance synthesis

In this section, synthesis procedures for both types of mechanisms are developed using the conditions on the
mechanism geometry developed in Section 4. In each procedure, the center of the elastic behavior is used.

5.1. Synthesis with a 5-joint serial mechanism
Suppose Cis a 3 x 3 compliance matrix having the form:

c=lor o

T
b" ¢33

the compliance center C, is determined by:
1
(54)rC = _Sb’/
C33
where S is the 2 x 2 matrix defined in Eq. (3). The unit twist t. associated with C, is calculated using Eq. (1).

The procedure for a 5-joint serial mechanism realization of compliance C presented below identifies the
locations of the five joints and the corresponding joint compliances. Selections used in the procedure are
illustrated in Fig. 10.
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1. Select arbitrarily a line l;, and obtain the corresponding unit wrench wy,. Two joints J; and J, will lie on
line l;,. The associated twist is calculated:

(55)t12 = Cle..
The unit twist associated with t;,, £;5,, is obtained and the center of t,,, T}, is calculated using Eq. (2).
2. Select arbitrarily a line l3, (represented by unit wrench ws,). Two joints /3 and J, will lie on line l54.

3. Select the location of joint /5. To satisfy condition (ii) of Proposition 3, this point must be located on the same
side of 34 as Ty,. The unit twist centered at /5, ts, is obtained using Eq. (1).

4. Select a line [,3 (represented by wrench w,3) that intersects [;, and l34to obtain joint locations J, and /3. This
line must be judiciously chosen such that Ts, satisfies condition (ii) of Proposition 3. The twist associated
with w,3 is calculated:

(57)tz23 = Cwys.

The unit twist associated with t,3, t,5, is obtained, and the center of t,5, T3, is calculated using Eq. (2). The
distance ratio used in the equality condition corresponding to the selections of w;,, W34, Wy3and Js is
calculated:

_ (W1thc) (W3T4f12)(W2Tst5)

(58) Vs = (wz"zts)(w&ts)(w%tc) .

Note that in calculation of the ratio ys in Eg. (58), normalization of w;,, w3, and w,3 to unit wrenches is not
necessary since they appear in both the numerator and denominator.

5. Choose a line wy 4 such that the ratio of the distances from the line to T,3 and J5 is equal to y;. This can be
accomplished by the following steps.

(a) On line [,, passing through T,3 and J5, choose point P such that the ratio of the distances from T3 to P and
from J5 to P is ys. This point (x,,, ) can be determined by the two equations:

lIt, €25
lltp—tsl

(59) = |yl t, - (23 X t5) = 0,

where t, = [yp, —Xp, 1]Tis the unit twist located at P, and f23 and ts are the unit twists at T,3 and Js,
respectively. Note that the set of equations in (59) yields two solutions on line [,,: one is inside line

segment J5T,3, and the other is outside. The selection of point Pfor the realization depends on the sign of ;:
if y > 0, the solution outside segment J5T,3 is selected; if y; < 0, the solution inside segment J5T,5 is
selected. Thus P is uniquely determined.

(b) Any line passing through point P satisfies the ratio condition. Judiciously select a line ;4 passing
through P (denoted as wy,) that intersects wy, and ws, to obtain joint locations J; and J,. In the selection of
this line, condition (ii) of Proposition 3 for both T;, and T3, must be satisfied.

6. Calculate the joint compliances using Eq. (25).

With this final step, the five joint locations and compliances in the serial mechanism are identified.
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W23

1
I)
Fig. 10. Compliance synthesis with a 5-joint serial mechanism using geometric constraints.

5.2. Synthesis with a 5-spring parallel mechanism
Suppose K is a given 3 x 3 stiffness matrix having the form:

D v
K= [VT k33]'

the center of stiffness is calculated by:
(60)r, = —SD~lv

where S is the 2 x 2 matrix defined in Eq. (3). The unit twist t, associated with the stiffness center Cy, is
calculated using Eq. (1).

Below, the synthesis procedure for stiffness realization with a 5-spring parallel mechanism is presented.
Selections used in the process are shown in Fig. 11.

1. Select arbitrarily a point T;, and calculate the unit twist t;, centered at T;, using Eq. (1). Two spring
axes w; and w, of the mechanism will intersect at this point. The wrench associated with t,, is calculated:

(61) le = KtlZ'

The unit wrench associated with w,,, W, is obtained and the line of action of wy, is interpreted geometrically

using Eq. (4).

2. Select another point T3, arbitrarily. Calculate the unit twist t3,associated with T54. The wrench corresponding
to t3, is calculated:

(62) W34 = Kt34.

With the unit wrench associated with ws,, the line of action of ws, is again interpreted geometrically
using Eq. (4). Two spring axes w3 and w, will intersect at T5,4.

3. Select line l5, which will be the line of action of spring ws. To satisfy condition (ii) of Proposition 4, this line
must be selected such that points Ty, and T, are on the same side of 5. The unit spring wrench w; is obtained

using Eq. (4).
4,
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Judiciously select a point T,3, at which spring axes w, and w5 will meet. This point, together with
points Ty, and T34, determines wrenches w, and ws. In selecting this point, condition (ii) of Proposition 4 must
be satisfied. The wrench corresponding to the twist at T3 is:

(63) wa3 = Kt;3..

Calculate the distance ratio used in the equality condition corresponding to the selections
of le, T34, T23 and Ws!

- (t§4w12)(tng3 ) (t§3 Ws)
(tEwr2)(t]ws)(t3sws)

(64) v
5. Select a point T4 such that the ratio of the distances from the point to lines of w,3 and ws is equal to y,,, i.e.,

W3 _
(65)—tf4wS = Yp-

This can be accomplished by the following steps.
(@) For the given w,3 and wg, consider the equation defined by:
(66) t"wyz = ¥, (t"ws),

where t is a unit twist defined by t = [y, —x, 1]7. Then Eq. (66)defines a line [, on which any point satisfies the
equality condition.

(b) Judiciously choose one point T; 4 on line [; such that condition (ii) of Proposition 4 for both w;, and w, are
satisfied. The remaining four spring axes (w;, i = 1,2,3,4) are determined by the four lines passing through
points (T2, Tq4), (T12, T23), (T23, T34), and (T4, T34) as illustrated in Fig. 11.

6. Calculate the stiffness for each spring using Eq. (26).

With this final step, the five spring axes and their stiffnesses in the parallel mechanism are identified.

Fig. 11. Compliance synthesis with a 5-spring parallel mechanism based on geometry.

5.3. Discussion

In each step of the procedures presented in Sections 5.1 and 5.2, a line or a point is selected. Since the elastic
components (joints or springs) in a mechanism can be numbered arbitrarily, the order of these selections can be
changed.
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When the mechanism configuration is determined, each joint compliance in the serial mechanism (or

each spring constant in the parallel mechanism) can be calculated using any permutation in Eq.

(25)or (26) provided that all twists and wrenches involved have finite (zero) pitch. Thus, any translational twist
or rotational wrench (having infinite pitch) should not be used in Eq. (25) or (26) to calculate the joint
compliances or spring stiffnesses.

In application, constraints on the mechanism configuration need to be considered. For example, if it is desired
that the first joint /; and the last joint /5 be located at given locations (e.g., when the location of the robot base
and end-effector pose are specified), the synthesis of a given compliance involves identifying the three
remaining joint locations J,, /3 and J,. The procedure presented in Section 5.1 can be modified to meet this
requirement and is described below.

First, choose a line [, to pass through the given point /; and choose /5 at the location yielding the desired end-
effector pose. Then select line l34 at a location that satisfies condition (ii) of Proposition 3. Line [,3 can be
selected as described in Step 4 to determine J, and /3, and point P is calculated using the method described in
Step 5a. By passing through points J; and P, line [, is determined. The intersection of 3, and [, is the location
of /4. It can be seen that, since the locations of two joints are specified, line [, is unique.

Note that in the compliance realization with a 5-joint mechanism, at most two joint locations can be specified
arbitrarily. If three joint locations are constrained, the mechanism may not have sufficient mobility to achieve a
configuration required by the realization, and thus would not be able to realize the given behavior. Once the
first two joint locations are selected, the remaining joint locations must be selected such that geometric
condition (ii) in Proposition 3 is satisfied. The serial elastic mechanism synthesis example in the next section
considers practical constraints.

In the synthesis process, the space of possible joint locations for each joint is identified. One can select any one
from the available space based on its geometry. When five joint locations are selected, the corresponding joint
compliances can be determined by Eqg. (25). Since the selection of each joint is not unique, if different
configurations are selected in the process, a different set of joint compliances will be obtained using Eqg. (25). It
is guaranteed that all joint compliances calculated by Eq. (25) are positive for any configuration selected using
the procedure. Also, in selecting the location of each joint, mechanism singularity (for which three joints are
located on a straight line) should be avoided. This can always be accomplished since there are infinitely many
options in the space of joint locations.

Note that, once the joint locations are identified, the specified compliance is realized only at that configuration.
Since a 5J serial mechanism has redundancy, the nullspace of the Jacobian is nonzero and

thus kinematic internal motion allows the mechanism configuration to change with the endpoint pose relative to
the base unchanged. The realization may not be maintained for a variation from the obtained configuration
because a change of the configurations by an internal motion may violate the realization conditions.

It can be seen that to realize a given compliance using a serial mechanism with two specified joint locations, the
mechanism must have at least 5 joints. This is because if the number of joints of a mechanism is less than 5, the
mechanism does not have the necessary degree of freedom to satisfy the corresponding realization conditions.

Similar to the serial case, for parallel mechanism synthesis with two spring axes being specified, the mechanism
must have at least five springs in order to realization an arbitrary stiffness. For a 5-spring parallel mechanism,
the first two spring wrenches can always be selected arbitrarily. In the selection of the remaining springs, the
previously selected spring wrenches and geometric condition (ii) in Proposition 4must be satisfied. Also, in
selecting the spring axes, mechanism singularity (three springs intersecting at a single point or parallel to each
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other) should be avoided. This can always be accomplished since there are infinitely many options in the space
of acceptable spring wrenches.

Compared to previous results [30] for 4-component mechanisms, the advantages of the 5-component
mechanisms considered in the paper are that the dimension of the space of realizable compliances at a
configuration is increased by one and that more geometric constraintson the mechanism can be accommodated.
The disadvantage is that more components increase the complexity of the mechanism.

6. Synthesis procedure examples

Numerical examples for both serial and parallel mechanisms are presented to demonstrate the synthesis
procedures. For serial mechanism synthesis, the procedure identifies a serial mechanism that realizes the given
compliance C by selecting the locations of five joints and their corresponding joint compliances. For parallel
mechanism synthesis, the procedure identifies a parallel mechanism that realizes the given stiffness K by
selecting the axes of five springs and their corresponding spring constants.

In a global coordinate frame, the compliant behavior to be realized is specified by:

6N/m  —4N/m 2N 0.58m/N  0.46m/N —0.32N71
(67)K=|—4N/m 12N/m 10N |[,C=K'=]0.46m/N 0.52m/N —0.34N7t
2N 10N  18N-m —0.32N"1  —0.34N"1 0.28(N-m)7!

In the examples, the units of all wrenches and twists calculated in the synthesis process are consistent with that
used in K and C. For a twist, the first two components have units of length in meters [m] and the third
component has units of radian. For a wrench, the first two components have units of force in Newton [N] and
the third component has units of momentin N - m. Also, all Cartesian coordinates are in meters.

Using Eq. (55) or (60), the stiffness/compliance center of this behavior is calculated to be located at (g — g)

The unit twist at the center is

. [ 8 17 1]T
L7 1l
6.1. Synthesis with a 5-joint serial mechanism
In this example, it is desired that joints J; (the joint connected to the base of the manipulator) and J5 (the joint

connected to the manipulator end-effector) be at given locations. In the coordinate frame used to describe C,
the two joints /; and J5 are required to be located at

rl = [—2,—2]T,I‘5 = [2' _Z]T

Below, the locations of the remaining three joints are identified using the modified synthesis procedure
presented in Section 5.3.

The unit twists associated with J; and /5 are calculated using Eq. (1) to be:
ty = [-221]",t5 = [-2,-2,1]".

The modified serial mechanism synthesis procedure of Section 5.3 is used to determine the other three joint
locations (/5, /3, J4), and all joint compliance values. The component geometry selections used in the process are
illustrated in Fig. 12.
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Fig. 12. Compliance synthesis with a 5-joint mechanism with J; and J5 being specified. The desired compliance is realized by
choosing the remaining three joint locations and all joint compliances in the serial mechanism.

The first line 1,5 is selected to pass through J; at (—2,—2) with an arbitrary slope. Here, the slope is selected to
be 1. The unit wrench representing [, is:

V2
W12 = 7 [1,1,0]T.

The twist t;, corresponding to w;, is calculated to be:

t,, = [-1.5758,—1.4848,1]7,.

Normalizing t,, yields the unit twist:

t,, = [-1.5758,—1.4848,1]7,

and the location of the center of t,,, T,,, is calculated to be (1.4848,—1.5758).

The second line 3, is where joints /5 and J, will lie. Since the location of /5 has been specified, 5, must be
selected such that T, and /5 are on the same side of [34; otherwise T}, will be outside of the triangle formed
by /3, /4 and J5 (which violates the inequality condition (ii) of Proposition 3). In this example, 3, is chosen to
pass through point (1,0) and parallel to y-axis. The unit wrench representing 5, is:

wa, = [0,1,1]7..

The associated twist tgy is:

ts, = Cws, = [0.14,0.18,—0.06]".

The twist center of t3,, T34, is determined to be (3, —2.3333).

Select a line [,5 to meet lines [, and [3, to determine the locations of ], and /5. This line should be chosen such
that Ty is above line s (which passes J, and J5 as shown in Fig. 12) to satisfy condition (ii) of Proposition 3.
Here, a line passing through point (0, —0.5) parallel to x-axis is selected. With this selection, joint locations

of /, and /5 are determined. The unit wrench associated with line [,5 is:

Wy3 = [1,0,0.5]T..

The associated twist t,5 is:
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t23 = CW23 = [04‘2,029,_018]T
The location of t,3, T3, is determined to be (1.6111,—2.3333).

The ratio y in Eq. (58) is calculated to be:
_ (wit) (Wit ) (wists)
(Wszts)(W3T4ts)(WzTgtc)

Since ys > 0, point P must be outside line segment J5T53. Using the set of equations in (59), point P is
calculated to be located at (0.8333,—3.0001). The unit twist centered at this location is:

= 0.6667.

S

t, = [-3.0001,-0.8333,1]".

Line 114 is uniquely determined by the two points J; and P. The unit wrench associated with [;, can be
determined using Eq. (13):

wy, = [0.9430,—0.3328,2.5516]".

Finally, the intersection of [, and [, identifies the location of ],, which is calculated to be (1, —3.0589). The
three joint locations (/5, /3, /4 illustrated in Fig. 12) are:

r, = [:8:; T3 = [_(1)_5]"’4 - [—3.3589]'

Since Ty, is inside triangle J3/,/5, and T3, is outside triangle J;J, /5 and is inside the area bounded by
lines /15 and /s (shown in Fig. 12), condition (ii) of Proposition 3 is satisfied. Thus, all five joint compliances for
this configuration are positive. The values of the joint compliances are obtained using Eq. (25):

c; = 0.0022m/N, ¢, = 0.0089m/N, c3 = 0.1667m/N,c, = 0.0221m/N, cz = 0.0800m/N.

With this synthesis procedure, the serial mechanism configuration with specified locations of
joints J; and J5 (illustrated in Fig. 12) and the values of all 5 joint compliances are identified. The five joint twists
at the configuration are:

-2 —0.5 —0.5 —3.0589 -2
1 1 1 1 1

The result is verified by adding the joint compliance components using Eq. (14):

0.58m/N  0.46m/N —0.32N71
Cs = et t] + oot + c3t5td + cutut] + cststl = | 0.46m/N  0.52m/N —0.34N71
—0.32N"1  —0.34N"! 0.28(N-m)~!

It can be seen that the compliance matrix Cg obtained for the synthesized serial mechanism is the desired
compliance matrix C in Eq. (67).

Note that with this procedure, the serial mechanism configuration (with /; and Jz specified) is determined by
choosing the locations of the other three joints. In construction, the joint connecting sequence does not affect
the compliant behavior realized by the serial mechanism, i.e., the same compliance is achieved with joint

sequence of J1/4/2/3/5 or J1J2]4/3]s-
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6.2. Synthesis with a 5-spring parallel mechanism
Following the synthesis procedure presented in Section 5.2, the given stiffness is achieved by a 5-spring parallel
mechanism. The component geometry selections used in the process are illustrated in Fig. 13.
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Fig. 13. Stiffness synthesis with a 5-spring mechanism. The desired stiffness is realized by choosing the axes of five springs
and their corresponding spring rates in the parallel mechanism.

First, point T;, can be chosen arbitrarily. Two spring axes (w; and w) will meet at this point. In this
example, Ty, is selected to be (1, —2). The unit twist at Ty, is:

t12 = [_2,_1,1]T..
The associated wrench wy, is:
wi, = Kty = [-6,6,4]"..

Normalizing wy, yields the corresponding unit wrench:

V2 21"
Wy, = — —1,1,—] .
1272 [ 3
The wrench axis of wy, is interpreted geometrically by Eq. (4) and is illustrated in Fig. 13.

The second point T34 (where two additional spring axes w3 and w, will meet) can also be chosen arbitrarily. In
this example, T, is chosen to be (2, —2). Using Eg. (3), the unit twist centered at T3, is:

ty, = [-2,-2,1]7,

and the associated wrench is:

wy, = Kt3, = [-2,—-6,—-6]".

The wrench axis of ws, is shown in Fig. 13.

Next, line 5 is selected. To satisfy condition (ii) of Proposition 4, Ty, and T3, must be on the same side of [s.
Also, since Ty, and T3, are located below the stiffness center C, ws should be located above Cy. Here, [5 is
chosen to pass through point (0, —0.5) and parallel to the x-axis. The unit spring wrench ws associated with this
line is:
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ws = [1,0,0.5]T.

Next, choose point T,3 to determine the spring wrenches w, and w;. Here, to reduce the range spanned by the
springs, point (2, —4) is selected so that wj is vertical (parallel to the y-axis). With this selection,
the realization condition of Proposition 4 (ii) is satisfied. The unit twist at T,5 is calculated to be:

ty3 = [—4,-21],

and the corresponding wrench is calculated to be:

w,3; = Kt,3 = [-14,2,—10]7.

The distance ratio in Eq. (64) corresponding to the selections of Ty, T34, T23 and L5 is calculated to be:

v = (3, w12) (EEWp3) (th3Ws)
P (tlwip) (], ws) (5, ws)

Using Eq. (66), the equation for line I; is obtained:

—6.2222.

(68) y = —0.2571x — 0.8857.

The final point T}, must be on line /.. Here, T, 4 is selected so that wj is also vertical. The location of T;, can be
obtained by solving Eq. (68) with x = 1. The location of the point is determined to be at (1, —1.1428). The unit
twist at this point is:

ty, = [-1.1428,—1,1]".

The axes of the remaining 4 springs are identified by lines Ty 5T14, T12T23, T23T34, and T;4T34 as illustrated
in Fig. 13. The 5 spring wrenches in the mechanism are:

0 0.4472 0 0.7592 1
W, = 1 , Wy = —0.8944 , W3 = 1 , Wy = —0.6508 , Wg = 0.
1 0 2 0.2186 0.5

It can be seen that, for (wy, w,) and (w3, w,), the realization condition in Proposition 4(ii) is satisfied. Thus
all spring stiffnesses must be positive. Since twists t;,, t,3, t14 and ts, are already known, to determine the
values of the spring stiffnesses using Eq. (26), only t35 and t,5 are needed. It is easy to determine that T55 is
located at (2, —0.5),, and T, is located at (0.25,—0.5). The two unit twists needed are:

t3s = [-0.5,—2,1]7,t,s = [-0.5,—0.25,1]".
Using these twists, the spring stiffnesses calculated using Eq. (26) are:
kqy = 4.6677N/m, k, = 1.6672N/m, k3 = 3.1427N/m, k, = 6.7460N/m, ks = 1.7778N/m..

With this synthesis procedure, the five spring axes (shown in Fig. 13) and the associated spring constants are
identified. The realization of the desired stiffness with the 5-spring mechanism is verified using Eq. (50):

6N/m  —4N/m 2N
Kp = kywiw! + kow,wh + kawawl + kyw,w! + kswsw! = |—4N/m  12N/m 10N
2N 10N 18N - m

It can be seen that the stiffness matrix Kp obtained for the synthesized parallel mechanism is the desired
stiffness matrix Kin Eq. (67).

Note that the procedure only identifies the axis of each spring. In parallel mechanism construction, a line spring
can be placed at any location along its axis. Also note that, since w; and wj are selected to be parallel in this
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example, t;3 calculated in Eq. (22) has infinite pitch (centered at infinity). Thus, in calculating spring
constants ky, ks and ksusing Eq. (26), permutations not containing t;3 should be used.

7. Summary

In this paper, a geometric approach to passive realization of any given planar compliance with a simple 5-joint
serial or 5-spring parallel mechanism is presented. Realization conditions for a 5-component redundant
mechanism to achieve an arbitrarily specified planar compliance are presented. Since these conditions impose
requirements on the mechanism configuration, they can be geometrically interpreted and illustrated on the
plane. Geometry based synthesis procedures to realize a compliance are developed for both types of
mechanisms. For serial mechanism synthesis, the procedure identifies the five joint locations and the
corresponding joint compliances for the compliance realization. A 5-joint serial mechanism can be constructed
based on the component geometry and joint elastic property. For parallel mechanism synthesis, the procedure
identifies the five spring axes (lines of action) and the corresponding spring rates for the stiffness realization. A
5-spring parallel mechanism can be constructed based on the geometric and elastic properties of each
component. Unlike most of the previous realization approaches, the procedures allow one to choose each
component, based on its geometry, from the space of admissible options. Because the space of admissible
options is restricted by inequalities, the realization of a compliant behavior with constraints on the mechanism
configuration can be accomplished. Any given compliance can be achieved with a mechanism having at most
two specified components (i.e., two joint locations of a serial mechanism, or two spring axis lines of a parallel
mechanism). The selection of the remaining components is restricted in some way. This ability makes 5-
component redundant compliant mechanisms more practical in robotic applications, especially for tasks when
the mechanism geometry and/or workspace are constrained. Since the approach developed in the paper is
completely geometry based, graphic tools can be used to better design an elastic mechanism.
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