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THEOREM 2. , The set [ juivale : las : of func nental
sequences of rational numbers, along with the ‘e s de-

fined in Definit: 11 2.3, is a field.

Proof: Let F' be the set of equivalence classes of funda-
mental sequences of rational numbers. To show that F* is a
field we show that the properties listed in Definition 2.1
are satisfied. Suppose that p, o, t are the equivalence
classes of F*. Suppose also that {rn} E Dy {sn} e o, and
{tn} € To

(a) {rn + (sn + tn)} is a member of p + (o + 1)
and is equal to {(rn + sn) + tn} and hence is also a member
of ( pto ) + t. Therefore, p +(oc + 1) = (p + ¢) + t. This
follows from Theorem 1l.1.

(b) {r + s } = (s + rn} and hence is a member of
both p + o and o + p. Therefore, p +,0 = 0 + p.

{s, + x,} = {r,}. If x is the equivalence class to which

{x,} belongs, then o + x = o.

(d) {rn(sntn)} = {(rnsn)tn} and is a member of
p(ot) and (po)r. This implies p(otr) = (po)T.
+ = . 1 b
(e) {rn(sn tn)} {rnsn + rntn} Again,bY Theorem
l.1, this implies p(o + ) = po + p1. Also,

+ i =
{(rn sn)tn} {rntn + sntn} olie (p + o)= pT + oTe.
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(3) if p > 0 and o > 1, then p > 1.
The first two assertions of the theorem follow
immediately from these lemmas and the definition. We now
show that the transitive property is also true.
Suppose {r,} € p, {s,} ¢ o, and {ty} e 1. £
p > o, there exist k > 0 and an N, such that if n > N;,
rp, > s, + k. If o > 1t and 1 > 0, there exists an N, such

n

that if n > Ny, s_ > tn + 1., Thus there exists m > 0

n
(m =1 + k) and an N (N = max(Nl,Nz)) such that r, > tn + m
whenever n > N. Hence, p > 1.

This completes the proof of the theorem. It leads

to the following important proposition.

THEOREM 3.2. The equivalence classes of fundamental se-

guences of rational numbers form an ordered field.

Proof: Suppose that p > 6 and ¢ > 8., Select {rn} € p
and {sn} € 0, There exist rational numbers kl > 0 and

k2 > 0 and integers Ny and N, so that if n > Ny, r > Kk,

n

and if n > Ny, s, > k2. If N max (N;,N,), then for n > N
rhn + s, > k; + k, > 0 and ry s > kjk, > 0. This implies

that p + 0 > 8 and po > 8,

We have shown that the set of all j(uivalence
classes of fundi ental sequences of rational numbers form
an ordered field. We are aware that the rational numl :
system itself is an ordered field. 1In investigating that

field, we noted that every ordered field has a subfield












< e¢/3 + e¢/3 + ¢/3 = €.
It follows that {Sl,n}' {sz'n},... is a funda-
mental sequence of fundamental sequences of rational

numbers.

DEFINITION 4.2. The sequence pj, Pp,.s. Of equivalence

classes of fundamental sequences of rational numbers is

fundamental if every sequence {rl,n}' {rz'n},... is fun-

damental, where {rm,n} € Ppe M = 1,2,0000

DEFINITION 4.3. 1If {rl,n}' {r2,n}'°'° is a fundamental
sequence of fundamental sequences of rational numbers,
a fundamental sequence {r,} is its limit if, for every
e > 0, there is an N such that for every k > N, there

is a v(k) such that if n > v(k) then Irn -r < €,

k,nI

We can proceed now to the most basic part of

this discussion. We prove the following theorem.

THEOREM 4.1, Every fundamental sequence of fundamental

sequences of rational numbers has a limit.

Proof: Suppose that {rl,n}' {rz'n},..., {rm,n}""

is a fundamental sequence of fundamental sequences of

rational numbers. Let €1 + €5 + e3 + s + ep + e

"be a convergent series of positive rational terms.

(1) There are integers my and n, such that

1

(a) if n > n,, then |r -r | < ¢
1’ ml'nl m, D 1
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